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Summary

• We solve the outstanding problem of how to build topological 
quantum spin liquids with physically accessible interactions. One of 
the applications is to build topological qubits.  

• Theorists have been studying“multi-spin” interactions for 50+ yrs. 
However, these interactions do not exist in nature. We have 
discovered that they can be effectively realized exactly by 
programming existing quantum hardware (for example, D-Wave).  

• So, if nature does not give us the appropriate interactions, we will 
build them, instead.
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Motivation: current state of quantum 
computing & simulation

Three main approaches today: 

1. Quantum Gate Array 

2. Topological Quantum Computing 

3. Quantum Annealers



1. Quantum Gate Array: standard but few qubits

• Computation method: unitary operations on fixed qubits 

• Major players: IBM, Google, Intel, Rigetti, and many more 

• Max number of qubits: ~ 50 - 70

Source: IBM Quantum Composer documentation



2. Topological Quantum Computing: powerful but no qubits

• Computation method: physical braiding of anyons  

• Major player: Microsoft 

• Max number of qubits: 0 - 1

Source: Field and Simula (2018)



3. Quantum Annealers: limited use but lots of qubits 

Classical: ∑
i,j

Jij σz
i σz

j +       Quantum: Γ∑
i

σx
i

• Computation method: minimize energy with quantum fluctuations  

• Major player: D-Wave 

• Max number of qubits: 2,000 - 5,000

Source: D-Wave



3. Quantum Annealers: conventional view

Source: IBM (2015)



Question

Can we build a computationally interesting physical 

system using only the 2-body classical Ising   

interaction and one uniform transverse field   ?

Jσzσz

Γσx



Answer

Yes! 

A Quantum Spin Liquid 

Which can be used to implement Topological QC



Digression: QSL date back to 1970’s
• Introduced by Wegner (1971).   Gauge Theory 

• Considered by Anderson (1973) in context of superconductivity  

• Rich theoretical results, but no experimental signature to-date

ℤ2
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So, these equations define a duality mapping which ex-
poses a special symmetry between the model's high-
and low-temperature properties. We can argue again
that if the model has a unique critical point it must be
at a temperature such that %=K*. Equation (4.80) then
yields the critical value

sinh'(2K, ) =1 (4.82a)
or

F. Exact solution of the Ising model in two dimensions

Finally, we want to solve the T-continuum formula-
tion of the Ising model exactly. The point in doing this,
besides the illustration of interesting technical topics,
is to show that at the critical point the lattice theory
becomes a relativistic field theory: the spatial lattice
becomes irrelevant and the desired continuous space-
time symmetries are restored. We shall see that the
model becomes that of a free, massless, self-charge
conjugate fermion (Pfeuty, 1970). The explicit solution
illustrates the general strategy of using lattice formula-
tions of quantum field theory: one first determines the
theory's phase diagram and critical points, and then by
approaching the critical points one constructs appro-
priately relativistic field theories.
Consider the Hamiltonian

(4.82b)
This critical point was found long before the Ising
model was solved (Kramers and Wannier, 1941).
Note that Eq. (4.82a) is a special case of the critical
curve [Eq. (4.15)] cited earlier. Using the same meth-
ods employed here and doing a bit more bookkeeping,
the reader can obtain that result.
The self-duality of the Ising model can also be

obtained without the aid of expansion methods. But the
expansions are of considerable interest for practical
calculations as well as rigorous analyses. One can
prove, for example, that the high- and low-tempera-
ture expansions of the Ising model in more that one
dimension have finite radii of convergence (Domb,
1972). Therefore the expansion alone teach us that at
sufficiently low but nonzero T the system magnetizes
in more than one dimension, while at sufficiently high
but finite T the system is disordered and the mag-
netization vanishes. Proofs that high-temperature ex-
pansions have finite radii of convergence can be given
for a wide class of models. Analysis of this sort is
usually the first step one takes in trying to determine
the phase diagram of an unfamil. iar physical system.
We shall do such analyses for lattice gauge theories
later in this review.

H =—Q o, (n) —A. Q o, (n)v, (n+1) . (4.83)

which is equivalent to our previous expressions such as
Eq. (4.14). There is a standard construction to expose
the fermion hiding here. Recall. the Jordan-Wigner
transformation (Jordan and Wigner, 1928) which ac-
complishes this. First define raising and lowering
operators

o'(n) =-,'[o, (n)+io, (n)],
a (n) =-,'[o,(n)-io, (n)].

(4.84}

n- j.
c~(n) = a'(n) ' exp[-iso'(j)o' (j)].

The idea behind this construction is the following: The
Pauli matrices o+ and & anticommute on the same site.
Their squares are zero. In this sense they resemble
fermions. However, fermion operators anticommute
even when they have different spatial arguments. The
"strings" of operators in Eq. (4.85) are inserted to
insure this.
To check the claim that c(n) and c (n) are fermion

operators, it is best first to simplify the Pauli spin
algebra in Eq. (4.85). Observe that

a (n)o'(n) = —,'[1—a, (n)],
v'(n)&x (n) = —,'[1+v,(n)]
exp[i(m/2)o, ] =is, .

These identities allow us to write

(4.86)

n l.

j="N

n-1
c'(n) =~'(n) yJ, [-,(j)].

(4.87)

&t is now easy to verify that the operators c(n) and c (n)
satisfy fermion anticommutation relations,

(c(n), ct(m)] = 5„„(c(n),c(m }]= 0. (4.88)
For example, using Eqs. (4.86) and (4.87), we see that

c(n)c (n)+ct(n)c(n) =o (n)o'(n)+O'(n)o (n)

(4.89)
In addition, choose m. & n and compute

Label the spatial lattice sites n = -W, -N+ 1, . . . , ¹ Then
fermion operators c(n) can be constructed from the
Pauli matrices

n-1
c(n) = ]' exp[iso'(j )cr (j )]o (n)
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IZ = d8„x exp —, I—cos & 8„-&„&„
rgW

(6.21)
We want to understand the phase diagram of the theory.
Many of the lessons we learned from Ising gauge theory
carry over to this discussion. In particular, Elitzur's
theorem can be proved here, and again states that the
local continuous gauge symmetry cannot break down
spontaneously. Therefore the ground-state expectation
value of cos8 (x) vanishes. So, we turn to the gauge-
invariant correlation function to distinguish ordered
from disordered phases of the theory. Consider a di-
rected contour C and the sum of angular variables
around C,

exp i O„x (6.22)
c

The same argument that showed us that g„,(r) is gauge
invariant generalizes to a closed loop of any size and
proves that Eq. (6.22) is locally gauge invariant. There-
fore we consider (Wilson, 1974)

exp' ~~ t = dg
c

&& exp i K8~(x) exp(-S)jZ.
C

(6.23)
Suppose g'» 1. Then we can estimate Eq. (6.23) using
standard high-temperature expansion methods. For
large loops C, low orders in the expansion give van-
ishing contributions because

(6.24a)

Thus any exposed phase factor exp[i&, (x)] within the
integrand Eq. (6.23) produces a zero. However, if all
the phases are canceled then we meet integrals,

I:I
k~lkt FIG. 32. The plaquettes which

fiI.l the interior of the contour
& and produce a nonzero
correlation function.

(
A

exp i 8, x =, =exp —ln 4g' A, 6.26

where A is the area or number of plaquettes making up
the minimal surface determined by C. This high-tem-
perature expansion has a finite radius of convergence,
so if we. computed to higher order Eq. (6.26) would be-
come

(exp i ~ ~ =exp g-2 A,c
(6.27)

exp ig A ~dx

where f(g ') i's a finite function forg' large enough, and
in an expansion its leading term is In(4g'). Clearly all
these high-temperature calculations differ only in de-
tail from the corresponding discussions for Ising lattice
gauge theory.
Next consider weak coupling. If g'«1, we would

guess that a naive continuum limit could be taken and
the Action could be replaced by the Gaussian approxi-
mation, Eq. (6.15). Let us assume this and use sug-
gestive continuum notation,

f 2ff'

de, (~) =2~,
0

(6.24b)

which give finite contribution. Consider the exponen-
tial of the Action

1x exp — d~xP~„+ig A„dxc
(6.28)

exp 2 cos „ = „ exp cos1 . 1
2g

e~, [ee „e& e 'e1

(6.25)
where Z» means a sum over the links of the plaquette
(r, p, v). If we pick out the n= 1 term for each plaquette
making up the minimal area bordered by the large con-
tour C, we pick up a nonvanishing contribution to Eq.
(6.23) which has the fewest possible powers of 1/~'.
'This is visualized in Fig. 32. We have the estimate

where the vector potential A„ranges from -~ to +~.
We must face two technical problems before we can
evaluate Eq. (6.28). First, the expression is meaningful
only if a particular gauge is chosen (Abers and Lee,
1973). Since the correlation function is manifestly
gauge invariant, all gauge choices will lead to the same
answer. We shall choose the Feynman gauge below.
Second, the theory is formulated with a lattice cutoff
to regulate potentially divergent self-energy effects,
so four-dimensional lattice propagators will be en-
countered in the evaluation of Eq. (6.28). Lattice prop-
agators have finite values at the origin and are typically
well approximated by their naive continuum expressions
elsewhere (Spitzer, 1964). Since we want only the dom-
inate spatial dependence of the correlation function for
large loops, we shall approximate the lattice prop-
agator,
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tangle, then there are phase factors just on its hori-
zontal (spatial) links. Equation (6.48) can be written in
a manifestly gauge-invariant form by transforming to
plaquette variables e, (n). Note that in the temporal
gauge

e, (~, x) = g e.,(~,x). (6.49)

Therefore the loop integral which appears in Eq. (6.48)
can be written as

expi

, de„(n)exp 0 icos& +A+8„„}[P,) ngtjv Ps

„...d&„„n exp cosH „
(P,f n, wv

(6.51)
after cancelling some common factors from the numer-
ato'r and denominator. Note that Eq. (6.51) is explicitly
gauge invariant. In addition, it expresses the corre-
lation function as the product of independent integrations
over decoupled plaquettes,

r
de exp( p cose „+&e& „)

exp i

de„„exp(p cose~„)f0
(6.52)

where & is the number of enclosed plaquettes. The in-
tegrals in Eq. (6.62) are just Bessel functions of imag-
inary argument,

n= &, n (6.5o)
C iP}

where (P,j is the set of plaquettes enclosed within C.
Equation (6.50) is a lattice version of Stokes' law. Using
Eq. (6.49) t:o change integration variables, we have faces

6) „=0. (6.58)

Such constraints are manifestations of flux continuity
(Gauss' law).

C. The quantum Hamiltonian formulation and quark
confinement
Much of the physics of Abelian lattice gauge theory

becomes more accessible using the 7-continuum Ham-
iltonian approach. The Hamiltonian is obtained by
considering the Action with anisotropic couplings,

S=P,P [1 come„(n)] Pgcose, ,(n),
ny i,k

(6.59)

where spatial links are labeled with Latin indices and
the tempora1 direction & with the index 0. As usual we
choose the gauge e,(n) =0. Then ~-independent gauge
transformations are still manifest local symmetries of
the system, and they are constructed as in our parallel
discussion of the Ising gauge theories. We shall obtain
an operator formalism for these symmetry operations
below.
To obtain the Hamiltonian, note that the first term of

Eq. (6.59) simplifies because

This example shows the utility of plaquette variables
in computing the correlation function [Eq. (6.51)] in two
dimensions. It is natura1 to ask why this elegant anal-
ysis does not generalize to higher dimensions. The
point is that plaquette variables can only be chosen as
independent integration variables in two dimensions.
o see this, let us expose a nontrivial constraintamong
these variables. Consider a three-dimensional cube.
Label the links comprising each face as shown in Fig.
35. There is a plaquette variable O„„associated with
each of these oriented squares. The orientations have
been chosen so that the sum of all six H„„corresponding
to the six faces of cube sum to zero,

exp i 8„= I, Io (6.58) e„(n) = e (n+T) —e (n). (6.6o)

which gives us the expected area law for all coupling.
Consider Eq. (6.58) in the limiting cases of strong and
weak coupling. For g'» 1 where p= 1/2g'«1,

We know from the general discussion in Sec. III.C that
P, will be forced to infinity in the T-continuum limit.
This will force eo, (n) to be small and slowly varying.
We can, therefore, make the approximation

soq

I, (P)/I. (P) = .' P = 1/4g', - (6.54) 1 —cos~» = p ~»,
(6.61)

exp i 8 = exp —ln 4g

Choosingg «1,
(6.55)

(6.56)

where a, denotes the lattice spacing in the 7 direction.
Sums over the lattice can be replaced by integrals over
the continuum & axes and sums over the spatial lattice,

so

exp i ~~ =exp ln 1-g
f g~ k

(6.62)

= exp(-g'A) . (6.57)
En summary, the two-dimensional model confines for
all coupling g. The strength of the interquark potential
is a smooth function of g which varies between g' ~R

~

a.t weak coupling and ln(4g') ~R
~

at strong coupling.

FIG. 35. Oriented links on a
three-dimensional cube.
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Modern understanding of QSL

Approximate Definition 

Quantum paramagnet that does not break any degeneracies of the 
microscopic Hamiltonian 

Features 

• No long range order 

• Local gauge symmetry 

• Topological degeneracy of the ground state (with energy gap) 

• Fractionalization of quasiparticles 

• Anyonic statistics



QSL Example: Toric Code (limit of  ) ℤ2

H = �
X

v

Av �
X

p

Bp

<latexit sha1_base64="rIqy6eT0DGwKY3UsidS4F7JnwRk=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBTctMFXQj1LrpsoJthXYYMmmmDc1kQpIplFJw46+4caGIW3/CnX9jOp2Fth64cHLOvdzcEwhGlXacbyu3srq2vpHfLGxt7+zu2fsHLRUnEpMmjlksHwKkCKOcNDXVjDwISVAUMNIOhrczvz0iUtGY3+uxIF6E+pyGFCNtJN8+ql+XuiqJ/BG8MVWC6UPAmi98u+iUnRRwmbgZKYIMDd/+6vZinESEa8yQUh3XEdqbIKkpZmRa6CaKCISHqE86hnIUEeVN0hum8NQoPRjG0hTXMFV/T0xQpNQ4CkxnhPRALXoz8T+vk+jwyptQLhJNOJ4vChMGdQxngcAelQRrNjYEYUnNXyEeIImwNrEVTAju4snLpFUpu+flyt1FsVrL4siDY3ACzoALLkEV1EEDNAEGj+AZvII368l6sd6tj3lrzspmDsEfWJ8/pX6WPw==</latexit>

RECALL: 

�  

�

σz ⟩ = ⟩

σz ⟩ = − ⟩

�  

�

σx ⟩ = ⟩

σx ⟩ = ⟩

A. Kitaev (2003)

Av = J∏
i∈v

σz
i Bp = Γ∏

i∈p

σx
i



Magic of the four-spin interaction 

= ⟩

= ⟩

8 degenerate star states. Parity P=+1 example.Av = J∏
i∈v

σz
i



The ground state is a “loop gas”

• All stars have P=+1 

• The ground state is 
a superposition of 
all possible loops



Loop “surgery”

• Plaquette operator 
flips all spins around 
a plaquette 

• Does not change 
ground state energy: 
“gauge symmetry”

p

Bp = Γ∏
i∈p

σx
i



Fractional excitations: created in pairs

• Apply   to a link - 
breaks two stars 
(P=-1) 

• Transport it along a 
path by applying 
sequence of  

σx

σx



Fractional excitations: created in pairs



Fractional excitations: created in pairs



Fractional excitations: created in pairs



Fractional excitations: created in pairs



Excitation annihilated… 



…and loop can be contracted to zero… 

pp p p

p p p p

p p p p



…unless there is a hole (topology)



Problem #1

• Four-spin interactions have not been found in nature (yet) 

• QSLs typically rely on four-spin (or more) interactions 

• Only known two-body exception is the Kitaev honeycomb 
model, but it also has not been observed (  
interactions)

σxσx, σyσy, σzσz



Problem #2
Usual attempts to build the four-body out of two-body interactions only 
work in the classical limit (no transverse field), i.e., no quantum effects

ENERGY GAP

 Γ = 0  Γ ≠ 0

• No ‘’magic” 

• Lattice state is 
crystalline (“order-
by-disorder”)



Our solution

�1

�2

�3

�4

µa

(a) (b)

�1

�2

�3

�4

µa

(a) (b)

• Introduce four “matter” spins   at each vertex 

• The “gauge” spins   couple to other sites, but matter spins do not

μ

σ



Two-body gauge-matter interaction

H0 = − J
4

∑
a=1 (

4

∑
i=1

Wai σz
i ) μz

a

W =

−1 +1 +1 +1
+1 −1 +1 +1
+1 +1 −1 +1
+1 +1 +1 −1

4 x 4 Hadamard matrix

�1

�2

�3

�4

µa

(a) (b)

Ferromagnetic
Anti-ferromagnetic



“Combinatorial Gauge Symmetry"

Flip

Exchange
�1

�2

�3

�4

µa

(a) (b)

8-fold degeneracy is maintained for all   and   

(2 gauge spin flips keep P=+1)

J Γ



Mathematically: matter “slaved” to gauge spins 

−1 +1 +1 +1
+1 −1 +1 +1
+1 +1 −1 +1
+1 +1 +1 −1

L−1WR = W

0 +1 0 0
+1 0 0 0
0 0 0 −1
0 0 −1 0

−1 0 0 0
0 −1 0 0
0 0 +1 0
0 0 0 +1

Automorphism*

Monomial matrix

�z
i !

4X

j=1

Rij�
z
j

<latexit sha1_base64="Vq8P2H2aFKJsB78lG37yZGuuvQw=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4KjO1ohuh6MZlFfuAznTIpJk2bTIzJBmlDv0SN/6KGxeKCK70b0zbQbT1QOBwzrnc3ONFjEplml9GZmFxaXklu5pbW9/Y3Mpv79RlGAtMajhkoWh6SBJGA1JTVDHSjARB3GOk4Q0uxn7jlghJw+BGDSPicNQNqE8xUlpy88e2pF2O2vcuhbag3Z5CQoR30JYxd5P+mTVql+G1m9D+CP5E+26+YBbNCeA8sVJSACmqbv7D7oQ45iRQmCEpW5YZKSdBQlHMyChnx5JECA9Ql7Q0DRAn0kkm543ggVY60A+FfoGCE/X3RIK4lEPu6SRHqidnvbH4n9eKlX/qJDSIYkUCPF3kxwyqEI67gh0qCFZsqAnCguq/QtxDAmGlG83pEqzZk+dJvVS0joqlq3Khcp7WkQV7YB8cAgucgAq4BFVQAxg8gCfwAl6NR+PZeDPep9GMkc7sgj8wPr8B36yi7w==</latexit>

µz
a !

4X

b=1

µz
b(L

�1)ba
<latexit sha1_base64="zW6Xpcrfba4DXYA3mIEOyli1Uv0="></latexit>

Monomial matrix

*Hadamard matrices have been around since 1860s. Only   elements with  .±1 WTW = 1



Why does this work?
Full Hamiltonian:

H = �
X

s

2

4J
X

a2s, i2s

Wai �
z
i µ

z
a + �

X

a2s

µ
x
a

3

5� e�
X

i

�
x
i

<latexit sha1_base64="XukMxS/K4RZ93fMf1h7b9Ylnq38="></latexit>

2-spin Ising interaction

Transverse field: invariant under 
spin flips and permutations  

Monomial transformations 
preserve spin algebra 

  result of 
embedding in D-Wave 

[more later]

Γ < Γ̃



Numerical test #1: spectrum of single star

0 0.2 0.4 0.6 0.8

-14

-12

-10

-8

0 0.2 0.4 0.6 0.8

-14

-12

-10

-8

Exact star 2-body star

H = ���
z
1�

z
2�

z
3�

z
4 � e�

X

i

�
x
i

<latexit sha1_base64="K8gxWx8s1cBAI9cqCVLlF2rcQcU="></latexit>

H = �J

X

a,i

Wai�
z
i µ

z
a � �

X

a

µ
x
a � e�

X

i

�
x
i

<latexit sha1_base64="mDEVviDsAjQhiH6DkLU8zLnKuRQ="></latexit>

Degeneracy matches



Numerical test #2: plaquette

(a) (b) (c)

+1
+1

+1
+1

+1

+1+1

+1

+1
-1 +1

-1

-1

+1-1

+1

-1
+1 +1

+1

+1

-1-1

-1

0.2 0.4 0.6 0.8
-46.5

-46

-45.5

-45

Spectrum as function of external configuration (legs)

Spectrum of plaquette is independent of its environment

Two symmetric / anti-symmetric  sets of states



Mathematically: exact local gauge symmetry

�x
1

�x
2

�x
3

�x
4

Ls1 Ls2

Ls3Ls4

p

(a) (b) (c)

�C

�C
Gp =

Y

s2p

Ls

Y

i2p

�x
i

<latexit sha1_base64="js4iT/ALquDv246YdTICv1bYAd8=">AAACJ3icbVDLSgMxFM34rPU16tJNsAiuykwVdKMUXejCRQX7gE4dMmnahmYyIcmIZejfuPFX3Agqokv/xEw7irYeuHA4517uvScQjCrtOB/WzOzc/MJibim/vLK6tm5vbNZUFEtMqjhikWwESBFGOalqqhlpCElQGDBSD/pnqV+/JVLRiF/rgSCtEHU57VCMtJF8++TcF/AYekJGbT9R0KMciiH0QqR7GLHkcuirb5f+uIp2Q3Rz51PfLjhFZwQ4TdyMFECGim8/e+0IxyHhGjOkVNN1hG4lSGqKGRnmvVgRgXAfdUnTUI5ColrJ6M8h3DVKG3YiaYprOFJ/TyQoVGoQBqYzvV9Neqn4n9eMdeeolVAuYk04Hi/qxAzqCKahwTaVBGs2MARhSc2tEPeQRFibaPMmBHfy5WlSKxXd/WLp6qBQPs3iyIFtsAP2gAsOQRlcgAqoAgzuwSN4Aa/Wg/VkvVnv49YZK5vZAn9gfX4Booml1w==</latexit>

Plaquette operator

•   around the plaquette 
flips all gauge spins, like 
the usual Toric Code  

•   flips and permutes 
matter spins according to 
the Hadamard 
automorphism of W

σx

ℒsi

[Gp, Gp0 ] = 0
<latexit sha1_base64="xS4Cc6VwcKAXBUUwkqkVpIoINwI=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyiCylJFXQjFF3UZQX7gDSEyXTSDp1MhpmJUEO/xI0LRdz6Ke78G6dtFtp64MLhnHu5955QMKq043xbhZXVtfWN4mZpa3tnt2zv7bdVkkpMWjhhieyGSBFGOWlpqhnpCklQHDLSCUe3U7/zSKSiCX/QY0H8GA04jShG2kiBXfYagTiDjSATJxP/2gnsilN1ZoDLxM1JBeRoBvZXr5/gNCZcY4aU8lxHaD9DUlPMyKTUSxURCI/QgHiGchQT5Wezwyfw2Ch9GCXSFNdwpv6eyFCs1DgOTWeM9FAtelPxP89LdXTlZ5SLVBOO54uilEGdwGkKsE8lwZqNDUFYUnMrxEMkEdYmq5IJwV18eZm0a1X3vFq7v6jUb/I4iuAQHIFT4IJLUAd3oAlaAIMUPINX8GY9WS/Wu/Uxby1Y+cwB+APr8wf9n5IB</latexit>

[H,Gp] = 0
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Loops and paths just like in the   gauge theoryℤ2
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QSL using only two body interactions!



Embedding in D-Wave

• D-Wave qubits can connect to 5 
others; we need 8 (D-Wave 
2000Q chimera architecture) 

• Therefore require copies of 
gauge spins*   effective   

• Unit cell: 2048 / 16 x 2 = 256 
gauge spins
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* 6 copies of each gauge spin



SUMMARY 

Blueprint for building QSL in programmable devices & 

Alternative path to Topological QC

• Convert quantum annealer to “Emulator of Topological States” (ETS). 
Contingent on noise.  

• Explore other systems, e.g., Rydberg atoms 

• Extend to Non-Abelian excitations, e.g., by twists in lattice 

• Optimize quantum annealer architectures, e.g., 3D



Appendix



Some intuition - single star
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• Consider each   in an effective field of  :μa σz
i

• Diagonalize each   exactly:μa

• Ground state:

H(�) =
4X

a=1

E
(�)
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•   and   are functions of   and   

• Holds for all   and   due to symmetries of  

γ λ J Γ

J Γ W

Some intuition - single star (cont.)



Toric Code can be used for Quantum Computation

A. Fowler et al. (2012)

• Encode logical qubits by 
creating “holes”



Generalization: 3D toric code
Place matter spins at the center of plaquette (not vertex)
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Generalization: X-Cube model
3 types of vertex operators, 12 matter spins
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S. Vijay, J. Haah and L. Fu (2016)
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Model exhibiting fracton topological order, sub-extensive entropy


