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LIQUID CRYSTAL MESOPHASES

cool or increase concentration
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NEMATICS IN TWO DIMENSIONS

APenn



http://commons.wikimedia.org/wiki/File:Nematische_Phase_Schlierentextur.jpg
http://commons.wikimedia.org/wiki/File:Nematische_Phase_Schlierentextur.jpg

NEMATICS IN TWO DIMENSIONS

APenn



http://commons.wikimedia.org/wiki/File:Nematische_Phase_Schlierentextur.jpg
http://commons.wikimedia.org/wiki/File:Nematische_Phase_Schlierentextur.jpg

NEMATICS IN TWO DIMENSIONS
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NEMATICS IN TWO DIMENSIONS: WHAT ARE WE SEEING?

“polarizer” “analyzer”

rubbed plates
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NEMATICS IN TWO DIMENSIONS: WHAT ARE WE SEEING?
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NEMATICS IN TWO DIMENSIONS
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HIGHER CHARGES?

@Pﬁnn Lavrentovich & Natishin, EPL 12, 135 (1990)
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DISLOCATIONS: DEFECTS IN THE TRANSLATIONAL ORDER
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Maps from R?\ {0} — S*
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DISCLINATIONS: DEFECTS IN THE ORIENTATIONAL ORDER

Maps from & \ {0} — RP"
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GROUND STATE MANIFOLD: FUNDAMENTAL GROUP
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GROUND STATE MANIFOLD: FUNDAMENTAL GROUP
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GROUND STATE MANIFOLD: FUNDAMENTAL GROUP

Maps from R2\ {0} —(S, F|[FS~'F~1 =)
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DEFECTS AND HOMOTOPY: QUICK REVIEW

Sample Ground State Manifold

defects
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DEFECTS AND HOMOTOPY: QUICK REVIEW

Sample Ground State Manifold
e
B ~
defects
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DEFECTS AND HOMOTOPY: QUICK REVIEW

fix conjugacy class in B free homotopy on T
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DEFECTS AND HOMOTOPY: QUICK REVIEW

fix conjugacy class in B free homotopy on T




DEFECTS AND HOMOTOPY: QUICK REVIEW

Maps from B — Cl(a)), o € m (T)J
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DEFECTS AND HOMOTOPY: QUICK REVIEW

S(FS*)S™ ' = SFS=F
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FUNDAMENTAL GROUP: NOT THE WHOLE STORY

Theorem (Poénaru)

Let n be a field of directors [a line field] in R? with
an isolated singularity at 0, defining a measured
foliation. Then I(n) < 1. In particular, a vector
field € on R?, with an isolated singularity at 0, such
that V x & = 0, has the property that I(£) < 1.

©€E= gy M

DDDID0200000)

@P@Dﬂ N. D. Mermin, Rev. Mod. Phys. 5 1, 591-648 (1979); V. Poénaru, Commun. Math. Phys. 80, 127-136 (1981)
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SMECTIC PHASE FIELD AS A HEIGHT FUNCTION

-

@P@Dﬂ Chen, Alexander, Kamien, PNAS 106, 15577-15582 (2009)
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SMECTIC PHASE FIELD AS A HEIGHT FUNCTION

o(z,y)

A
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SMECTIC PHASE FIELD AS A HEIGHT FUNCTION
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SMECTIC PHASE FIELD AS A HEIGHT FUNCTION

@Penn Chen, Alexander, Kamien, PNAS 106, 15577-15582 (2009)
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SMECTIC PHASE FIELD AS A HEIGHT FUNCTION
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SMECTIC PHASE FIELD AS A HEIGHT FUNCTION
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SMECTIC PHASE FIELD AS A HEIGHT FUNCTION
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CONTOUR MAPS: SMECTIC DISCLINATIONS
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CONTOUR MAPS: SMECTIC DISCLINATIONS
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CONTOUR MAPS: SMECTIC DISCLINATIONS
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EDGE DISLOCATIONS IN TWO DIMENSIONS
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+2 DISLOCATION

Dislocation is a helicoid!
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Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a hglicoidl
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Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid!
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+2 DISLOCATION

Dislocation is a helicoid! /
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+2 DISLOCATION

Dislocation is a helicoid! /
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SMECTIC SYMMETRIES: LAYER OR LAYERS?

density wave: p X COS(@)

Phase is periodic ... O~ ¢+ a
...and unoriented O~ —0
= ¢ ~- Sl/ZQ
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density wave: p X COS(@)

Phase is periodic ... O~ ¢+ a
...and unoriented O~ —0
= ¢ ~- Sl/ZQ
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SMECTIC SYMMETRIES: LAYER OR LAYERS?

density wave: P X COS(%)

Phase is periodic ... O~ ¢+ a
...and unoriented O~ —0
= ¢ ~- Sl/ZQ

» sheets cross at the fixed points of these
point symmetries

»only slices at these heights yield
consistent smectics

» critical points are constrained to these
heights
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+1/2 DISCLINATION
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THE DISLOCATION
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THE DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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DISCLINATION DIPOLE: +1 DISLOCATION
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FREE ENERGY AND ROTATIONAL INVARIANCE

QW(z—u(r)))

e EE— e > — 2 density wave: 0 X COS(

B
Linear elasticity: b= B /d27“ [(azu)z + A’ (aiu)z]
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FREE ENERGY AND ROTATIONAL INVARIANCE

R =~ ¢ — 2a denSit)’ wave. p X COS(—22¢)

B
Linear elasticity: b= B /d27“ [(azu)z + A’ (aiu)z]

. = B 2 2
Nonlinear elasticity: [ = 5 /d27" [i [(ng)2 — 1] EY (V : n) }

_
Iz

¢ =z — u(r) n
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SURFACE ENERGETICS

= (_8513¢7 _8y¢7 ]-)
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/>// Viewing ¢ as a graph: N VIt (Vo)
/é//// Equal spacing of curves: e, N =
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SURFACE ENERGETICS

(_8513¢7 _ay¢7 1)
V14 (Vo)

////// Equal spacing of curves: e, -N =

B
Candidate: I = B /dA |:(ez - N — %)2 + )\QHQ}

Viewing ¢ as a graph: N

il =

2
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EQUAL SPACING
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EQUAL SPACING
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EQUAL SPACING

K =0

isometric to the plane
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FocAL CONICS

Friedel, Granjean, Bull. Soc. Fr. Minéral. 33, 409-465 (1910)

Observations géométriques sur les ligquides
a coniques focales;

Par MM. G. FnieperL BT F. GRANDIEAN.

Nous avons signalé, dansune précédente Note ('), les étranges
figures géométriques que renferment certains liquides aniso-
tropes. Ces figures, qui sont des groupes de conigues focales
associées suivant des lois simples, s’observent dans le par-

(') Les liguides & coniques focales ( Comptes rendus de I’ Académie des
Sciences, t. 151, 31 octobre 1910, p. 762).

Nastishin, Meyer, and Kléman (2008), C.W/illiams, from de Gennes & Prost
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TwoO CONES
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TwoO CONES

@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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TwoO CONES

@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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TwoO CONES
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TwoO CONES

@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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SHEDDING LIGHT ON FocAL CONICS

——_ ——
— e ——— —— e
=l i — s,
g e ——————————— e, e N —
- o et e —— T — O .
't -~ AN Il T —— N —
~ - —— —, -,
- ol e’ i —— -~ -
~ . e — - -~ - A
e ” a2  ———— -~
5 ~ - e —— p

LS
\
N — o o <~
\ Hhx — e e -~ /
G € S e -
- o sl TS - g
— et -
— — -
27 —_— e
— —— ! el
— SN
— erm

@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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SHEDDING LIGHT ON FocAL CONICS

@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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SHEDDING LIGHT ON FocAL CONICS
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SHEDDING LIGHT ON FocAL CONICS

—¢*+27+y’ =0

H : ”1%413 light cone
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SHEDDING LIGHT ON FocAL CONICS

—¢*+27+y’ =0

H : ”1%413 light cone
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SPACE-LIKE SEPARATED EVENTS
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@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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SPACE-LIKE SEPARATED EVENTS

¢

Yy
X
’\ r\ events eq,es = (0,0, +£r)

foci (0, +r)
@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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SPACE-LIKE SEPARATED EVENTS

events eq,es = (0,0, +£r)

hyperbola — ¢* 4+ 2 = —r*, y =0

#APenn

foci

(0,

Alexander, Chen, Matsumoto, Kamien, (2010)
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SPACE-LIKE SEPARATED EVENTS

Lorentz qb/ — W(qb = ﬂy), T €T, y’ — W(Q - ﬂ@

@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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SPACE-LIKE SEPARATED EVENTS

Lorentz qb/ — W(qb = ﬂy), T €T, y’ — W(Q - ﬂ@

events ejp,eo = (%F’Yﬁ"% 0, jt’W“)

\ hyperbola  — (¢//7)2 +2'2 = =2,y = — B¢

7,' \\

B — ———

cusp (y/v8)? —a® =1r?

foci (0, £~yr)
@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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TIME-LIKE SEPARATED EVENTS

events (=£r,0,0)

circle 2 +y?=71%6¢=0

— S
==
focus  (0,0)

@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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TIME-LIKE SEPARATED EVENTS

Lorentz qb' — W(qb = ﬂy), T €T, y’ — 7(9 - 5@5)

/

@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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TIME-LIKE SEPARATED EVENTS

Lorentz qb' — W(qb = ﬂy), T €T, y’ — 7(9 - 5@5)

events (+vyr, 0, Fy0r)

circle z'° + (y’/v)Q — 7°2, ¢ = —py

0,
i cusp  @* + (y/7)* =7

@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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FOCAL SETS

space-like separated events

time-like separated events

S

\\\

@Penn Alexander, Chen, Matsumoto, Kamien, (2010)
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FOCAL SETS

e e ———
C—>) [T—>>

- _—
- S

AN

space-like separated events

5= {(anay) S.t. y2 — TQ}

Y ={(¢,z,0) s.t. —¢* +2x°=—r"}
time-like separated events

¥ ={(0,z,y) s.t. z* + y* = r?}

i — {(gb,(),()) S.t. — ¢2 — _TQ}

Alexander, Chen, Matsumoto, Kamien, (2010)
F. G. Friedlander, Math. Proc. Camb. Phil. Soc. 43, 360-373 (1947)
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THREE DIMENSIONS

space-like separated events

— {(0707072) S.t. 2’2 — 7“2}
— {(¢7x7y70) s.t. — ¢2 + x2 + y2 — _,r,2}

time-like separated events

— {(Oaany, Z) s.t. 2 —+ y2 =R 22 — 7“2}

)y
Y ={(¢,0,0,0) s.t. —¢*=—r?}

Alexander, Chen, Matsumoto, Kamien, (2010)
F. G. Friedlander, Math. Proc. Camb. Phil. Soc. 43, 360-373 (1947)
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DUPIN CYCLIDES

two one-dimensional focal sets - “confocal conics™

¥ ={(0,0,y, 2) s.t. y* + 2% = r?}
i — {(gb,az,(), O) Bl = §b2 - 332 — _TZ}

Alexander, Chen, Matsumoto, Kamien, (2010)

@P@Dﬂ E G. Friedlander, Math. Proc. Camb. Phil. Soc. 43,360-373 (1947)
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DUPIN CYCLIDES

two one-dimensional focal sets - “confocal conics™

= ¥ ={(0,0,y, 2) s.t. y* + 2% = r?}
' Y ={(¢,2,0,0)s.t —¢* +x* = —r’}

\

T-T,=-0.200

¥ 4

“ / Nastishin, Meyer, and Kléman (2008)

Alexander, Chen, Matsumoto, Kamien, (2010)
@Penn E G. Friedlander, Math. Proc. Camb. Phil. Soc. 43,360-373 (1947)
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FocAL CONICS

@Penn Photo: C.Williams, from de Gennes & Prost

77




FocAL CONICS

@Penn Photo: C.Williams, from de Gennes & Prost
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FocAL CONICS

Friedel, Granjean, Bull. Soc. Fr. Minéral. 33,409-465 (1910)

Fig. 11.

_ ~0
Treillis d’ellipscs dont P et Q sont les pdles. La ligne AB est sur le verre

supérieur, CD sur le verre inférieur, P et Q sont & l'intérieur du liquide. —
Dessin 4 la chambre claire. Grossissement : 4oo diamétres.

@%ﬂﬂ Photo: C.Williams, from de Gennes & Prost
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NESTED FOCAL SETS

Many ellipses are organised through common points - view this as a pair of events

Yo = {(0,0,0, 2) s.t. 2* = R*}
iO : {(¢,£If,y,0) s.t. — ¢2 T 332 T y2 = _RQ}

¢

focal hyperboloid X

@P@Dﬂ Alexander, Chen, Matsumoto, Kamien, (2010)
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NESTED FOCAL SETS

Many ellipses are organised through common points - view this as a pair of events

Yo = {(0,0,0, 2) s.t. 2* = R*}
iO : {(¢,£Ij,y,0) s.t. — ¢2 T 332 T y2 = _RQ}

¢

cut out a circle T

\Q

focal hyperboloid X

@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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NESTED FOCAL SETS

Many ellipses are organised through common points - view this as a pair of events

Yo = {(0,0,0, 2) s.t. 2* = R*}
iO : {(¢,£If,y,0) s.t. — ¢2 T 332 T y2 = _RQ}

¢

cut out a circle T

\CD

focal hyperboloid X

(—\/7“2 + R2,2,y,0) s.t. 2° +y° = %}
(¢,0,0,2) s.t. — (¢ + V2 + R2)? + 22 = —r?}
@P@Dﬂ Alexander, Chen, Matsumoto, Kamien, (2010)

¥ = {
¥y ={
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NESTED FOCAL SETS

Many ellipses are organised through common points - view this as a pair of events

Yo = {(0,0,0, 2) s.t. 2* = R*}
iO : {(¢,£If,y,0) s.t. — ¢2 T 332 T y2 = _RQ}

¢

cut out a circle T

\CD

focal hyperboloid X

oD X = {(—\/7“2 + R2,2,y,0) s.t. 2° +y° = %}
Yo C 1 ={(4,0,0,2) s.t. — (¢ + 12+ R2)%24 22 = %}
@P@Dﬂ Alexander, Chen, Matsumoto, Kamien, (2010)
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NESTED FOCAL SETS

Many ellipses are organised through common points - view this as a pair of events

o = {(0,0,0, 2) s.t. 22 = R*}
iO : {(¢,£Ij,y,0) s.t. — ¢2 T 332 T y2 = _RQ}

move with Lorentz el Y
transformations

focal hyperboloid X

Yo D B ={(=Vr2+ R2,z,y,0) s.t. 22 + % = 12}
Yo C %1 ={(¢,0,0,2) st. — (p+ V7% + R2)?+ 2% = —r’}
@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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NESTED FOCAL SETS

Many ellipses are organised through common points - view this as a pair of events

Yo = {(0,0,0, 2) s.t. 2* = R*}
iO : {(¢,£Ij,y,0) s.t. — ¢2 T 332 T y2 = _RQ}

and rotations

S T =, .
\. < focal hyperboloid ¥

Yo D B ={(=Vr2+ R2,z,y,0) s.t. 22 + % = 12}
Yo C %1 ={(¢,0,0,2) st. — (p+ V7% + R2)?+ 2% = —r’}
@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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NULL SEPARATION — CORRESPONDING CONES

Two circular subsets with a point in common

¢

@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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NULL SEPARATION — CORRESPONDING CONES

Two circular subsets with a point in common

@Pﬁnn Alexander, Chen, Matsumoto, Kamien, (2010)
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NULL SEPARATION — CORRESPONDING CONES
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POLYGONAL TEXTURES: TREILLIS ET RESEAUX
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» Multiple tangency of ellipses = Apollonian packing

» “Curvatures” satisfy the hyperbolic Déscartes-Soddy-Gossett
theorem
» Polygonal boundaries correspond to intersections of hyperboloids
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