
Classical and Quantum Frustrated Magnets

Yong Baek Kim
University of Toronto

University of  Virginia, November 1, 2007

 J. Hopkinson (Toronto), S. Isakov (Toronto), M. Lawler (Toronto), H. Y. Kee (Toronto)
F. Wang (Berkeley), A. Vishwanath (Berkeley), 

S. Sachdev (Harvard), L. Friz (Harvard)

Collaborators:



Outline

 Introduction to Frustrated Magnets

Review of the Heisenberg model 
on the Kagome lattice

 Spin-1/2 Quantum Magnets; Real Materials

 Distorted Kagome (Volborthites) Lattices

 Hyper-Kagome (Na4Ir3O8) Lattice

 Zn-Paratacamite Lattice



Introduction to Frustrated Magnets

 Geometric Frustration:

 the arrangement of spins on a lattice precludes (fully) 
satisfying all interactions at the same time

∼ eαN
Modern: large degeneracy of the (classical) ground 

state manifold

Consequence:

 No energy scale of its own; any perturbation is strong
 (reminiscent of the lowest Landau level physics)

Mother of the conventional and exotic phases



 Susceptibility ‘fingerprint’:
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Fig. 2. Left: “susceptibility fingerprint” of strongly frustrated magnets. Top right: units of q spins with total spin

L = 0. The shaded pair of spins is rotated out of the plane by an angle φ. Bottom right: the easy axes of a pyrochlore

magnet.

referred [4].

Strongly frustrated magnetic compounds have a characteristic susceptibility fingerprint (see Fig. 2).

Their inverse susceptibility, χ−1, follows the usual Curie–Weiss law down to temperatures well below
the expected mean-field-ordering transition temperature #CW. At some low temperature TF " #CW

substantial deviations from the linear behaviour occur, typically signaling a transition to a state that

differs from compound to compound, which may, for example, be ordered or glassy. The smallness of

the frustration parameter TF/#CW has been proposed by Ramirez to be a defining feature of “strong”

geometric frustration [4].

The regimewhere the temperatureT > #CW is the usual paramagnetic regime.The low-temperature

(T < TF) regime is nongeneric (compound dependent). The intermediate regime TF < T < #CW,

known as the cooperative paramagnetic regime, appears to be essentially universal in this class of sys-

tems, in that correlations remainweak although the temperature is below the scale set by the interactions.

This observation suggests a two-step strategy for understanding magnets in this class. For the coop-

erative paramagnet, it should be sufficient to study a fairly simple model system to capture the generic

behaviour characterizing this regime. Building on this, perturbations to the simple model Hamiltonian,

appropriately chosen for each compound, are introduced to describe the nongeneric regime.

The remainder of this article adheres to this structure in that we first identify and discuss an ap-

propriate class of model cooperative paramagnets and then consider the effect of perturbations. In the

process, we shall see that classical models of highly frustrated magnets have in common that once the

leading frustrated exchange interaction has been optimized energetically, a large ground-state degener-

acy remains. The collection of degenerate ground states (the ground-state manifold) provides no energy

scale of its own and hence any perturbation has to be considered strong. Frustrated magnets are thus

model strongly interacting systems. The richness of their behaviour in the nongeneric regime can be

understood as a consequence of the nonperturbative nature of any term added to the leading, frustrated

exchange Hamiltonian.

2. Ground-state degeneracy of frustrated magnets

The main distinction between frustrated and unfrustrated magnets appears to be the presence of a

large ground-state degeneracy in the former. In the following, we first give a description of how the

degeneracy arises, and then provide a general quantitative determination of the size of the ground-state

degeneracy based on a simple Maxwellian [6] counting argument.
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ΘCW  Curie-Weiss temperature
 mean-field ordering temp.

TF /ΘCW ! 1  strong frustration

 Cooperative paramagnet: 
correlations remain weak 

 interaction energy scale

 more universal

T < TF

 Magnetically ordered ?
 Spin liquid ?

 not universal
 Glassy ?

TF < T < ΘCW



Origin of Classical Ground State Degeneracy

 Classical nearest-neighbor antiferromagnetic 
Heisenberg model on lattices with corner-sharing simplexes 

(simplex = triangle, tetrahedron)

H = J
∑

〈i,j〉

Si · Sj =
J

2

∑

simplex




∑

i ε simplex

Si




2

 Classical ground state should satisfy
∑

i ε simplex

Si = 0

 These constraints are not independent; counting is subtle

 Nonetheless there exists macroscopic degeneracy

 is a vector with a fixed lengthSi
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Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada

Kagome Pyrochlore

a
rX

iv
:c

o
n
d
-m

a
t/

0
6
1
1
2
3
1
 v

1
  
 8

 N
o
v
 2

0
0
6

Classical antiferromagnet on a hyper-kagome lattice

John M. Hopkinson,1 Sergei V. Isakov,1 Hae-Young Kee,1 and Yong Baek Kim1, 2

1Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada
2Department of Physics, University of California, Berkeley, California 94720

(Dated: November 8, 2006)

Motivated by the recent experiment on Na4Ir3O8 [1], we study the classical antiferromagnet on a
frustrated three-dimensional lattice obtained by selectively removing one of four sites in each tetra-
hedron of the pyrochlore lattice. This “hyper-kagome” lattice consists of corner-sharing triangles.
We present the results of large-N mean field theory and Monte Carlo computations on O(N) classical
spin models. It is found that the classical ground states are highly degenerate. Nonetheless a ne-
matic order emerges at low temperatures in the Heisenberg model (N = 3) via “order by disorder”,
representing the dominance of coplanar spin configurations. Implications for future experiments are
discussed.

PACS numbers: 75.10.Hk, 75.50.Ee, 75.40.Cx

Antiferromagnets on geometrically frustrated lattices
often possess macroscopically degenerate classical ground
states that satisfy peculiar local constraints imposed by
the underlying lattice structure [2]. Such highly degener-
ate systems are extremely sensitive to thermal and quan-
tum fluctuations, and thereby intriguing classical and
quantum ground states may emerge via “order by dis-
order” [3]. On the other hand, the system may remain
disordered even at zero temperature [4]. These paramag-
netic states are called spin liquid phases and their clas-
sical and quantum varieties have been recent subjects of
intensive theoretical and experimental research activities
[2].

Among several examples of two and three-dimensional
frustrated magnets, the kagome and pyrochlore lattices
have obtained particular attention because a relatively
large number of materials with the magnetic ions sit-
ting on these lattice structures are available [2]. Both
of these lattices are corner-sharing structures of a basic
unit; the triangle and tetrahedron respectively. Despite
this similarity, the classical Heisenberg magnet orders on
the kagome lattice [5, 6] while it remains disordered on
the pyrochlore lattice [7]. The nature of the spin-1/2
quantum Heisenberg magnets on these lattices has not
been settled and remains an important open problem
[8, 9]. On the other hand, spin-1/2 systems are rare on
these lattices and other degrees of freedom such as lat-
tice distortions may play an important additional role.
As a result, direct experimental tests on spin-1/2 quan-
tum magnets have been difficult to realize.

In this context, the recent experiments on Na4Ir3O8 [1]
may provide an important clue on these issues, albeit in a
different three-dimensional frustrated lattice. Here Ir4+

carries spin-1/2 as the five d-electrons form a low spin
state in the t2g level. The Ir and Na ions together occupy
the sites of the pyrochlore lattice such that only three of
the four sites of each tetrahedron are occupied by Ir. The
resulting lattice of magnetic Ir is a network of corner-
sharing triangles as shown in Fig. 1, where each triangle

FIG. 1: (color online). The hyper-kagome lattice. The thin
lines show the underlying pyrochlore lattice.

is derived from different faces of the tetrahedra. In anal-
ogy to the kagome lattice in two-dimensions, it is called
the hyper-kagome lattice. Even though the Curie-Weiss
temperature is large, θW = −650K, the susceptibility
and specific heat show no sign of magnetic ordering, nor
lattice distortion, down to T ∼ |θW |/200 [1]; suggesting
that it may be a spin liquid down to low temperatures.

In this paper, we study the classical antiferromagnet
on the hyper-kagome lattice. Such investigations would
not only reveal the behavior of the antiferromagnet in
the classical regime, but also provide an important start-
ing ground for the understanding of quantum fluctuation
effects. We first study the large-N limit of the O(N)
vector spin model at zero temperature and compute the
spin-spin correlation function in the large-N mean field
theory [10, 11]. It is found that there exist macroscopi-
cally degenerate ground states.

Then we perform large-scale Monte Carlo computa-
tions on the Ising (N = 1) and the Heisenberg (N = 3)
models. At temperatures T > Tn with Tn ∼ 10−3J , the
spin-spin correlation function in the Heisenberg model
(with the exchange coupling J) is very similar to that in

Hyper-Kagome



Order by Disorder

 Order by Disorder via Thermal Fluctuations:

 Different entropic weighting to each ground state

 Softer the fluctuations around a particular ground state, 
more likely this ground state will be entropically favored.

 Order by Disorder via Quantum Fluctuations:

 Quantum zero point energy and anharmonic 
contributions may select an ordered ground state.

 Sufficiently strong quantum fluctuations (S=1/2 for example), 
however, may destabilize any ordered phase;

possible quantum spin liquid - Disorder by Disorder
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energies. This demonstrates that a significant fraction of
the low energy scattering is magnetic in origin, since the
incoherent and phonon background would not respond
to the applied field in this manner. The magnetic signal
in zero field extends down to below 0.2 meV, consistent
with the analysis of the above DCS data. In 11.5 T, the
magnetic signal becomes peaked around h̄ω ! 1.4 meV,
which is close to the Zeeman energy gµBH . However, the
half-width of this peak of about 0.21 meV is significantly
broader than the resolution. Therefore, the peak does not
simply originate from Zeeman excitations of noninteract-
ing spins, which would result in a narrow energy peak,
but involve spins which are part of the interacting system.
The integrated spectral weight of the zero field magnetic
signal for h̄ω < 1 meV accounts for at most 20% of the
total scattering expected from a S = 1/2 spin system (an
estimate made by normalization to the incoherent elas-
tic scattering from the sample and also to a vanadium
standard). The inset of Fig. 3(d) shows the temperature
dependence of the inelastic signal with energy transfers
integrated over the range 0.3 ≤ h̄ω ≤ 0.5 meV. There is
a small increase in the signal when the sample is cooled
below ∼ 5 K, though, for the most part, the intensity is
largely independent of temperature in this range.

Our experimental results suggest an intriguing pic-
ture for the ground state properties of the S = 1/2
kagomé lattice antiferromagnet. A hallmark of the quan-
tum spin liquid in 2D is the existence of deconfined
S = 1/2 spinons as the fundamental magnetic excita-
tion. A rich variety of spin liquid states have been theo-
retically proposed in which the spinons can be described
as bosonic[6, 8, 23], fermionic[24, 25], or even as Dirac
fermions[26]. We note that several of these theories are
based on triangular lattice Hamiltonians, and they may
not have clear extensions to the kagomé lattice antiferro-
magnet. Using a naive comparison to a generic model of
fermionic spinons with a Fermi surface, one would expect
C = γT . From our linear fit below 400 mK, the value
of γ indicates a Fermi temperature of TF ∼ 110 K. How-
ever, other forms for the specific heat (such as C ∝ T 2)
may hold at higher temperatures where the lattice contri-
bution prevents us from clearly identifying the magnetic
contribution.

The neutron scattering measurements of the excitation
spectrum at low temperatures are also consistent with ex-
pectations of deconfined spinons in a spin liquid. We find
no evidence of a spin gap down to ∼ J/170, much lower
than the prediction from exact diagonalization studies for
a spin gap of ∼ J/20[7]. The power law behavior of χ′′(ω)
is interesting and may indicate a spin liquid with criti-
cal spin correlations[27]. Our observation of a diffuse Q
dependence for the inelastic scattering suggests that if a
singlet spin liquid picture is correct, then the singlets are
not restricted to nearest neighbor dimers, since no well-

defined length scale is indicated by the data. The near
temperature independence of S( $Q, ω), similar to obser-
vations in f -electron systems[28], may indicate the prox-
imity to a quantum critical point. Many of the current
theories for 2D spin liquids were formulated to describe
experimental results[29, 30] for S = 1/2 triangular lat-
tice systems. More theoretical studies based explicitly
on the S = 1/2 kagomé Heisenberg antiferromagnet (in-
cluding the possible effects of impurities and exchange or
Dzyaloshinskii-Moriya anisotropies) are certainly impor-
tant for further comparisons with experimental results.

We thank P.A. Lee, A. Keren, J.W. Lynn, Q. Huang,
T. Senthil, and X.-G. Wen for useful discussions and E.
Palm and T. Murphy for help with the measurements at
the NHMFL. The work at MIT was supported by the
NSF under Grant No. DMR 0239377, and in part by the
MRSEC program under Grant No. DMR 02-13282. This
work used facilities supported in part by the NSF under
Agreement No. DMR-0454672. A portion of this work
was performed at the NHMFL, which is supported by
NSF Cooperative Agreement No. DMR-0084173, by the
State of Florida, and by the DOE.
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FIG. 1: (color online) (a) The chemical transformation from
the pyrochlorelike lattice of Cu2(OH)3Cl to the kagomé lay-
ers of ZnCu3(OH)6Cl2. (b) Magnetic diffraction scans of the
two systems at T = 1.4 K (open) and 20 K (filled). The
Cu2(OH)3Cl data show magnetic Bragg peaks at Q ! 0.70
and Q ! 0.92 which are absent for the ZnCu3(OH)6Cl2 data
(which have been shifted by 2300 cts/min for clarity). (c)
Magnetic susceptibility of ZnCu3(OH)6Cl2 measured using a
SQUID magnetometer plotted as 1/χ, where mole refers to a
formula unit. The line denotes a Curie-Weiss fit. Inset: ac
susceptibility (at 654 Hz) at low temperatures measured at
the NHMFL in Tallahassee, FL.

investigation. We also observe a small peak in the ac
susceptibility near H = 2 T at 50 mK which disappears
upon warming to 705 mK. The overall susceptibility
data indicate the absence of magnetic order or a spin
gap down to 50 mK.

The specific heat C(T ) of ZnCu3(OH)6Cl2 is shown in
Fig. 2(a) in various applied fields. For temperatures of
a few Kelvin and higher, the lattice contribution to the
specific heat (proportional to ∼ T 3) is the most signif-
icant contribution, as shown in the inset. However this
contribution diminishes at low temperatures, and below
∼ 5 K, an additional contribution is clearly observed
which arises from the Cu spin system. Magnetic fields
of a few Tesla can significantly affect the low-T behavior,
and fields of 10 Tesla and higher strongly suppress the
specific heat below 3 K. The difficulty in synthesizing an
isostructural nonmagnetic compound makes it hard to
subtract the lattice contribution precisely. However, the
magnetic field dependence suggests that the specific heat
in zero applied field below 1 K is predominately magnetic
in origin. As a rough measure of the spin entropy, the

FIG. 2: (color online) (a) The specific heat C(T ) of
ZnCu3(OH)6Cl2 in various applied fields, measured using a
Physical Properties Measurement System. Inset: C(T ) plot-
ted over a wider temperature range in applied fields of 0 T
(square) and 14 T (star). (b) C(T ) in zero field measured
down to 106 mK. The lines represent power law fits as de-
scribed in the text.

field-induced change in specific heat below 3 K, obtained
by subtracting the 14 T data from the zero field data,
accounts for about 5% of the total entropy of the spin
system.

Additional specific heat measurements at zero field at
temperatures down to 106 mK were performed at the
National High Magnetic Field Laboratory (NHMFL) and
the combined data are shown in Fig. 2(b). The specific
heat at low temperatures (T < 1 K) appears to be gov-
erned by a power law with an exponent which is less than
or equal to 1. In a 2D ordered magnet, magnon excita-
tions would give C ∼ T 2. The kagomé-like compound
SrCr8−xGa4+xO19 (SCGO)[18] and other 2D frustrated
magnets[19] are also observed to have C ∼ T 2 even in the
absence of long-range order[20, 21]. The behavior that we
observe in ZnCu3(OH)6Cl2 below 1 K stands in marked
contrast. We can fit our data to the power law C = γT α,
though we note that the exponent α is sensitive to the
chosen range of temperatures that are fit. The blue line in
this figure represents a linear fit with α = 1 over the tem-
perature range 106 mK < T < 400 mK. The fitted value
for γ is 240 ± 20 mJ/K2 Cu mole. If we include higher
temperatures, the red line represents a fit with α = 2/3
over the temperature range 106 mK < T < 600 mK. Ex-
tending the fitted range to even higher temperatures can
yield α values as low as 0.5.

Finally, inelastic neutron scattering measurements of
the low energy spin excitations were performed on deuter-
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Spin Dynamics of the Spin-1/2 Kagomé Lattice Antiferromagnet ZnCu3(OH)6Cl2

J.S. Helton1, K. Matan1, M.P. Shores2, E.A. Nytko2, B.M. Bartlett2, Y. Yoshida3,
Y. Takano3, A. Suslov4, Y. Qiu5, J.-H. Chung5, D.G. Nocera2, and Y.S. Lee1∗

1Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139
2Department of Chemistry, Massachusetts Institute of Technology, Cambridge, MA 02139

3Department of Physics, University of Florida, Gainesville, FL 32611
4National High Magnetic Field Laboratory, Tallahassee, FL 32310 and

5NIST Center for Neutron Research, Gaithersburg,
MD 20899 and Department of Materials Science and Engineering,

University of Maryland, College Park, MD, 20742
∗email: younglee@mit.edu

(Dated: April 6, 2007)

We have performed thermodynamic and neutron scattering measurements on the S = 1/2 kagomé
lattice antiferromagnet ZnCu3(OH)6Cl2. The susceptibility indicates a Curie-Weiss temperature of
θCW ! −300 K; however, no magnetic order is observed down to 50 mK. Inelastic neutron scattering
reveals a spectrum of low energy spin excitations with no observable gap down to 0.1 meV. The
specific heat at low-T follows a power law temperature dependence. These results suggest that an
unusual spin liquid state with essentially gapless excitations is realized in this kagomé lattice system.

An important challenge in condensed matter physics is
the search for quantum disordered ground states in two
dimensional systems. Of particular interest is studying
quantum spin liquids, an example of which is the “res-
onating valence bond” state proposed by Anderson[1].
These states are unusual in that neither translational nor
spin rotational symmetries are broken. It is believed that
the S = 1/2 Heisenberg antiferromagnet on a kagomé lat-
tice (composed of corner sharing triangles) is an ideal sys-
tem to look for spin liquid physics due to the high degree
of frustration. There is broad theoretical consensus that
the ground state of the S = 1/2 kagomé antiferromagnet
is not magnetically ordered[2, 3, 4, 5, 6, 7, 8]. How-
ever, many basic properties are still under debate, such
as the magnitude of the gap to the first triplet state.
An intriguing possibility is the existence of deconfined
S = 1/2 spinons as the fundamental excitations, as op-
posed to conventional S = 1 magnons.

Despite heavy theoretical interest, experimental stud-
ies of the S = 1/2 kagomé lattice have been ham-
pered by the difficulty in synthesizing such materials.
Here, we report thermodynamic and neutron scattering
measurements on powder samples of ZnCu3(OH)6Cl2,
known as herbertsmithite[9]. As has been previously
reported[10], ZnxCu4−x(OH)6Cl2 can be synthesized
with variable Zn concentration, from x=0 to x=1 (her-
bertsmithite). Figure 1(a) represents the transfor-
mation from Cu2(OH)3Cl, which has a distorted py-
rochlore structure, to ZnCu3(OH)6Cl2, which consists of
Cu kagomé layers separated by nonmagnetic Zn layers.
Structurally, ZnCu3(OH)6Cl2, with space group R3̄m
and lattice parameters a = b = 6.832 Å and c = 14.049 Å,
appears to be an excellent realization of the S = 1/2
kagomé lattice antiferromagnet. Initial evidence is the
absence of long-range magnetic order, as shown in the
neutron diffraction scans in Fig. 1(b). In Cu2(OH)3Cl,

clear magnetic Bragg peaks are observed below ∼ 6 K;
whereas no magnetic Bragg peaks are observable down
to 1.8 K in ZnCu3(OH)6Cl2.

To further characterize the properties of
ZnCu3(OH)6Cl2, we performed magnetic susceptibility
measurements on powder samples. The susceptibility,
shown in Fig. 1(c), can be fit to a Curie-Weiss law at high
temperatures (T > 200 K). The resulting Curie-Weiss
temperature of −300±20 K implies an antiferromagnetic
exchange J # 17 meV, calculated using the series expan-
sion corrections for the kagomé lattice[11, 12, 13]. The
susceptibility continually increases as the temperature
is lowered down to 1.8 K. At first glance, this behavior
may suggest the presence of several percent free spin-1/2
impurities yielding a Curie tail. This is certainly possi-
ble, but is not necessarily the case. From the chemical
analyses, we calculate the stoichiometric coefficients to
be 3.00 ± 0.04 on the Cu site and 1.00 ± 0.04 on the Zn
site. Also, we have measured the ac susceptibility at
temperatures down to 50 mK, as shown in the inset of
Fig. 1(c). These data do not follow the simple Brillouin
function behavior expected for free S = 1/2 spins. In
particular, the susceptibility increase from 705 mK to
50 mK is much smaller than the free spin prediction.
Recently, Ofer and coworkers[14] have shown that the
muon Knight shift and transverse relaxation rate have
T dependences similar to the measured susceptibility.
Hence, the measured susceptibility may be intrinsic to
the Cu kagomé system. We note that similar behavior
is found for the frustrated S = 1/2 nuclear moments of
3He films on graphite, where the susceptibility is found
to continually increase with decreasing temperature
down to T ∼ J/300[15]. Another recent µSR study[16]
emphasizes the role of defects. The roles of impurities
and exchange or Dzyaloshinskii-Moriya[17] anisotropies
in this system remain important topics for further

Herbertsmithite

ΘCW = −300± 20K J ≈ 197K (fit to series expansion)

Ideal Kagome lattice

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada
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sample was obtained by subtracting the addenda heat
capacity, which had been determined in a separate
run without the sample.  The resolution of the
measurement was about 0.5 % and the absolute
accuracy determined from the measurement of a Cu
standard was better than 1 %.

NMR spectra of 51V nuclei were obtained by
recording the integrated intensity of the spin-echo
signal as a function of magnetic field at a fixed
resonance frequency.  The spin-lattice relaxation rate
(1/T1) was measured by the saturation recovery
method.  It was not possible to observe the NMR signal
at the Cu nuclei presumably because the spin echo
decay rate was too large.

§3. Results

3.1 Magnetic susceptibility
The magnetic susceptibility ! shows a broad,

rounded maximum around 20 K without any
anomalies indicative of LRO down to 1.8 K, as shown
in Fig. 2.  The broad maximum implies developing
short-range antiferromagnetic correlations below this
temperature which is characteristic  of  low-
dimensional AFMs.  Such a feature has not been
observed in other kagomé compounds so far studied.
A Curie-like upturn is seen below 5 K in the figure.
This may come from “impurity” Cu2+ spins possibly
created at lattice defects, with the amount estimated
to be about 0.5 % by fitting the data measured at 0.1
T between 1.8 and 4 K to the Curie-Weiss law.
Ignoring negligibly small contributions from core and
Van Vleck paramagnetisms, a large residual spin
susceptibility at T = 0 of 2.7 " 10-3 cm3/mol Cu is
estimated.  This strongly suggests that the ground
state of Volborthite is gapless.  No marked hysteretic
behaviors are seen depending on whether the sample
was zero-field cooled (ZFC) and field cooled (FC) even
in small applied fields, as typically shown for 0.01 T
in the inset to Fig. 2a.  This result excludes the
possibility of a spin-glass transition above 1.8 K.

Figure 2b shows an inverse susceptibility versus
T plot over a wide temperature range, which exhibits
a linear behavior above 200 K.  From the slope and
its extrapolation to 1/! = 0, the Curie constant C and
Weiss temperature # were determined; C = 0.4713
cm3/K mol Cu and # = -115 K.  The effective
paramagnetic moment peff for Cu was calculated to
be 1.95 µB, assuming that vanadium ions are
nonmagnetic in the pentavelent state.  This gives a
g-factor of 2.26 which is a typical value for Cu oxides.16)

In the framework of the mean-field theory which
considers only z nearest-neighbor ions coupled with
superexchange interaction J , # is given as (-
zJS(S+1))/(3kB) (The Hamiltonian of the Heisenberg
model here is J$<i,j>Si·Sj).  Thus, kB# = -J for the S =
1/2 kagomé lattice with z = 4, if we ignore the possible
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Fig. 2. Magnetic susceptibility ! (a), inverse susceptibility
(b) measured in an applied field of 7 T, and magnetization
M at T = 2 K plotted against applied field (c).  The thick
lines on the data points between 200 K and 400 K are fits
to the calculation by high-temperature series expansion5)

for the S = 1/2 kagomé- lattice in (a) and to the Curie-
Weiss law in (b).  The inset to (a) shows the absence of
thermal hysteresis measured in a low field of 0.01 T.  The
M-H curves for two samples A and B are plotted in (c).
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Ground state of the Kagomé-like S=1/2 antiferromagnet,
Volborthite Cu3V2O7(OH)2 ! 2H2O

F. Bert,1 D. Bono,1 P. Mendels,1 F. Ladieu,2 F. Duc,3 J.-C. Trombe,3 and P. Millet3

1Laboratoire de Physique des Solides, UMR 8502, Université Paris-Sud, 91405 Orsay, France.
2Service de Physique de l’État Condensé, DSM, CEA Saclay, 91191 Gif-sur-Yvette Cedex, France.

3Centre d’Élaboration des Matériaux et d’Études Structurales, CNRS UPR 8011, 31055 Toulouse, France.
(Dated: October 23, 2006)

Volborthite compound is one of the very few realizations of S=1/2 quantum spins on a highly
frustrated kagomé-like lattice. Low-T SQUID measurements reveal a broad magnetic transition
below 2 K which is further confirmed by a peak in the 51V nuclear spin relaxation rate (1/T1) at
1.4 K±0.2 K. Through 51V NMR, the ground state (GS) appears to be a mixture of different spin
configurations, among which 20% correspond to a well defined short range order, possibly of the√

3 ×
√

3 type. While the freezing involve all the Cu2+ spins, only 40% of the copper moment is
actually frozen which suggests that quantum fluctuations strongly renormalize the GS.

PACS numbers: 75.30.Cr,75.50.Lk,76.60.-k

In the quest for novel states of condensed matter,
frustration has emerged as a key concept [1]. In mag-
netic systems, competitive interactions resulting from
the geometry of the lattice, especially for corner shar-
ing networks, can lead to a macroscopic entropy at
T=0 K and could favor a novel spin liquid state. The-
oretically, Heisenberg S=1/2 antiferromagnet on a 2D
kagome lattice is predicted to lead to such an exotic
quantum state [2, 3]. Actually very few real sys-
tems approach this model. So far, the Cr3+ (S=3/2)
kagomé bilayer compounds SrCr9pGa12−9pO19 (SCGO)
and Ba2Sn2ZnGa10−7pCr7pO22 (p < 0.97) have been the
experimental archetypes of Heisenberg frustrated anti-
ferromagnets. In this context, the recent rediscovery of
Volborthite Cu3V2O7(OH)2 ! 2H2O [5, 6] is a major step
towards a realization of the theoretical model. The mag-
netic lattice of this natural antiferromagnet consists of
quantum S=1/2 (Cu2+) spins sitting at the vertices of
well separated (7.2Å) kagome-like planes. The lattice
displays a monoclinic distortion, possibly yielding two
Cu-Cu interaction constants J1 != J2, which does not
seem to impact on the characteristic fingerprints of frus-
tration. Indeed, despite strong antiferromagnetic interac-
tions (J " 90 K), no transition towards an ordered state
has been detected down to 1.8 K, neither in susceptibility
nor in heat capacity measurements [6]. Instead, a max-
imum in both these quantities is observed around 20 K,
probably reflecting the enhancement of short range cor-
relations, and defines a new low energy scale as a result of
frustration [7, 8]. Besides, as in kagomé bilayers [4], muon
spin relaxation (µSR) experiments detected no sign of
static spin freezing but rather temperature independent
spin fluctuations persisting down to 50 mK, indicative of
a fluctuating quantum GS [9]. Only in one ESR study
the existence of an internal field was evidenced at 1.8 K
which was interpreted as short range order [10].

In this Letter, we show, for the first time, that volbor-
thite undergoes, around 1.3 K, a transition to a frozen

state which we characterize using 51V NMR as a local
probe of magnetism. Note that, so far, NMR investiga-
tion of the GS in the kagomé bilayers had proved to be
impossible because of a wipe out of the NMR intensity
at low T [11]. The volborthite powder samples were pre-
pared by refluxing an aqueous suspension of V2O5 and a
basic copper (II) carbonate salt Cu(OH)2-Cu(CO3) for
several days. No spurious phase was detected in X-ray
measurements. SQUID and NMR measurements above
2 K and µSR experiments on these samples [12] were
similar to the above described published data.

The low T static susceptibility of volborthite is pre-
sented in Fig. 1 (top panel). Below 2 K, the separation
between the field cooled (FC) and zero field cooled (ZFC)
susceptibilities reveals a spin freezing process. At 1.2 K,
”ageing” effects [13] have been observed (not shown here)
which ascertains the glassy nature of the GS. At vari-
ance with textbook spin glass transition, the FC suscep-
tibility does not level off below the transition and the
hardly detectable broad maximum on the ZFC branch
occurs below the FC/ZFC separation [19]. This suggests
a rather broad distribution of freezing temperatures as,
for instance, in super-paramagnets where spin clusters
get progressively blocked on lowering T.

To address the important issue of the intrinsic charac-
ter of this glassy low-T phase, the susceptibility of two
zinc substituted samples is also reproduced in Fig. 1. Zn
atoms enter Volborhtite lattice without noticeable distor-
tion. Since Zn2+ is non-magnetic, the Zn/Cu substitu-
tion results in diluting the kagome magnetic lattice. The
freezing temperature Tg, defined here as the temperature
of the ZFC maxima, are plotted in the inset of Fig. 1 as a
function of the magnetic lattice dilution and compared to
the same data for SCGO compounds [11]. In marked con-
trast with SCGO, Tg for Volborthite is strongly affected
by dilution. This reminds us of the drastic reduction
upon dilution of the dynamical plateau value seen in µSR
experiments [12] and suggests that the bilayer topology

7

Assuming that a V nucleus is coupled to six nearest
neighbor Cu spins by isotropic hyperfine interaction,
we can estimate the value of 1/T1 in the high
temperature limits where there is no spatial spin
correlation
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with z = 4.  If we use the values J/kB = 84 K and A =
0.66 T/µB estimated above, we obtain 1/T1!  = 58 sec-1,
which is significantly smaller than the experimental
value at room temperature.  This implies that spin
fluctuations are slower than what is expected for
ordinary Heisenberg antiferromagnets.  We also found
that 1/T1 depends substantially on magnetic field as
shown in the inset to Fig. 7.  It is likely that such
field dependence is due to spin diffusion in two
dimension.  The slow hydrodynamic spin fluctuations
at long wavelength in 2D leads to lnH singularity.
Although the measured 1/T1 deviates from lnH
behavior at low fields, this could be due to three
dimensional coupling which cuts off the 2D spin
diffusion.

§4. Discussion

In order  to  get  more  insight  on the
superexchange couplings and their anisotropy on the
kagomé-like net of Volborthite, let’s look at in more
detail the crystal structure.  Based on the structural
data given by Lafontaine et al.15) the local atomic
coordination of O and OH ions around one triangle of
Cu ions is depicted in Fig. 8.  Every Cu ion is
surrounded octahedrally by two OH ions pointing in
opposite directions and four planar O ions.  However,
there are two crystallographically distinguished Cu
sites; Cu1 in a compressed octahedron and Cu2 in an
elongated one.  A Cu1 octahedron is connected with
four Cu2 octahedra by sharing their edges, while a
Cu2 decahedron with two Cu1 and two Cu2 octahedra.
Since there is a mirror plane at the Cu1 site
perpendicular to  the b  axis ,  two  of  three
superexchange pathways on the Cu triangle should
be identical, denoted as J1 between Cu1 and Cu2.  On
the other hand, the third path between two
neighboring Cu2 sites, denoted as J2, can be different
from the other.  Note that both the superexchange
couplings may occur through nearly 90º Cu-O-Cu and
Cu-OH-Cu bonds which are generally sensitive to the
bond angle.  The actual angles in Volborthite are 83.7º
and 105.6º for J1 (Cu1-Cu2), and 91.5º and 101.1º for
J 2 (Cu2-Cu2) ,  respectively.  Moreover, the

Cu2

Cu2Cu1

O

OH

J1

J1

J2

Cu2

Cu1

Fig. 8. Local arrangement of Cu-O4(OH)2 octahedra around
one Cu1-Cu2-Cu2 triangle (upper) and the schematic
representation of the modified kagomé network made of
isosceles triangles seen in Volborthite (lower).  In the
lower figure balls represent Cu ions with S = 1/2 with the
others omitted for clarity.

arrangement of the dx2-y2 orbital must be taken into
account.  Although it is practically difficult to evaluate
the magnitude of superexchange couplings, these
significant differences in the local structure suggest
considerable anisotropy in Js.  The value of 84 K
estimated from fitting the susceptibility data might
correspond to an average of J1 and J2 (3J = 2J1 + J2).
The Cu sublattice in Volborthite is considered to be
an S = 1/2 kagomé-like network composed of isosceles
triangles, as illustrated in Fig. 8.  This structure still
retains frustration, though it is reduced compared
with the ideal kagomé lattice.

All the experimental facts given in the present
study have indicated that Volborthite exhibits neither
long-range order nor spin-glass order down to 1.8 K
in spite of rather large antiferromagnetic couplings (
J/kB = 84 K and & = -104 K).  On the other hand, it is
also revealed that there are no clear sign for opening

ΘCW = −115K

Distorted Kagome lattice

Z. Hiroi et al, JPSJ 70, 3377 (2001); F. Bert et al, PRL 95, 087203 (2005)
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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Spin Liquid State in S = 1/2 Hyper-Kagomé Antiferromagnet Na4Ir3O8

Yoshihiko Okamoto1,∗, Minoru Nohara2, Hiroko Aruga-Katori1, and Hidenori Takagi1,2

1RIKEN (The Institute of Physical and Chemical Research),
2-1 Hirosawa, Wako, Saitama 351-0198, Japan

2Department of Advanced Materials,
University of Tokyo and CREST-JST,

5-1-5 Kashiwanoha, Kashiwa, Chiba 277-8581, Japan

(Dated: May 19, 2007)

A spinel related oxide, Na4Ir3O8, was found to have a three dimensional network of corner shared
Ir4+ (t2g

5) triangles. This gives rise to an antiferromagnetically coupled S = 1/2 spin system formed
on a geometrically frustrated hyper-Kagomé lattice. Magnetization M and specific heat C data
showed the absence of long range magnetic ordering at least down to 2 K. The large magnetic specific
heat at low temperatures, which shows a power law decay with temperature and is independent
of applied magnetic field up to 12 T, is in striking parallel to those of triangular and kagomé
antiferromagnets reported to have a spin liquid ground state. These results strongly suggest that
the ground state of Na4Ir3O8 is a spin liquid.

PACS numbers: Valid PACS appear here

Experimental realization of a quantum spin liquid in
geometrically frustrated magnets has been one of the
biggest challenges in the field of magnetism since P. W.
Anderson proposed resonating valence bond theory [1] for
antiferromagnetically coupled S = 1/2 spins on a trian-
gular lattice. Geometrical frustration in magnets arises
from the incompatibility of local spin-spin interactions,
which gives rise to macroscopic degeneracy of the ground
state. Possible playgrounds for this include triangular,
kagomé, pyrochlore and garnet lattices essentially con-
sisting of networks of triangles. In real materials, how-
ever, it is not easy to prevent spin ordering at substan-
tially lower temperatures than the Curie-Weiss temper-
ature θW, the mean field transition temperature. This
is because the spin degeneracy can be lifted by coupling
with the other degrees of freedom such as the orbitals,
lattice and charges. Such an interplay between the frus-
trated spins, orbitals and lattices, for example, can be
found in a trimer singlet formation in the S = 1 trian-
gular LiVO2 [2, 3] with orbital ordering or a spin-Jahn-
Teller transition in the S = 3/2 pyrochlore ZnCr2O4 [4].
In addition, only a minute amount of disorder is known
to strongly influence the spin liquid state in geometri-
cally frustrated magnets and very often gives rise to a
formation of a glassy state of spins.

The most likely candidate for the realization of a spin
liquid ground state had been the two dimensional kagomé
antiferromagnet SrCr9pGa12−9pO19 (S = 3/2) [5, 6]. It
does not show any evidence for long range ordering down
to the lowest temperature ∼ 100 mK, and a large and field
independent magnetic specific heat was observed which
was ascribed to spin liquid contributions. Nevertheless,
the strong spin glass-like behavior at low temperatures,
very likely due to site disorder, gives us certain ambigu-
ity in identifying the spin-liquid state. Recently, a new
generation of spin liquid compounds has emerged, the S
= 1/2 triangular magnet κ-(ET)2Cu2(CN)3 [7], an or-

ganic Mott insulator, and the S = 1 triangular magnet
NiGa2S4 [8]. They were reported to have a spin liquid
ground state or at least a robust liquid phase down to
100 mK. Their magnetic and thermal properties are in
striking parallel to those of SrCr9pGa12−9pO19 but the
disorder effect appears much less.

Here we report on a three dimensional analogue of
these two dimensional spin liquids. Na4Ir3O8 was first
reported as an unidentified phase in the Na-Ir-O ternary
system by McDaniel [9]. We found that it is isostructural
to Na4Sn3O8 [10] and that a S = 1/2 hyper-Kagomé
system, consisting of low spin d5 Ir4+ ions, is realized
in Na4Ir3O8. The magnetization and specific heat mea-
surements on the ceramic samples indicate that S = 1/2
spins are highly frustrated and remain in a liquid state
down to the lowest temperature measured.

Polycrystalline samples of Na4Ir3O8 were prepared
by a solid-state reaction. Stoichiometric amounts of
Na2CO3 and IrO2 were mixed, and the mixture was cal-
cined at 750◦C for 18 h. We added 5 % excess of Na2CO3

to compensate the loss of Na during the calcination. The
product was finely ground, pressed into a pellet, sintered
at 1020◦C for 22 h on gold foil, and then quenched in
air. Powder X-ray diffraction (XRD) data showed that
the powders were single phase. The crystal structure was
determined by performing Rietveld analysis on the pow-
der XRD data using RIETAN-2000 program [11]. Ther-
modynamic and magnetic properties were measured by a
Physical Properties Measurement System (PPMS, Quan-
tum Design) and a Magnetic Properties Measurement
System (MPMS, Quantum Design).

We were able to refine the powder XRD pattern with
the cubic Na4Sn3O8 structure (P4132 or P4332) [10].
The result of refinement is summarized in table I and Fig.
1 (b). The structure of Na4Ir3O8, shown in Fig. 1 (a), is
derived from those of spinel oxides (AB2O4), which can
be intuitively demonstrated by rewriting the chemical
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Classical antiferromagnet on a hyper-kagome lattice
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Motivated by the recent experiment on Na4Ir3O8 [1], we study the classical antiferromagnet on a
frustrated three-dimensional lattice obtained by selectively removing one of four sites in each tetra-
hedron of the pyrochlore lattice. This “hyper-kagome” lattice consists of corner-sharing triangles.
We present the results of large-N mean field theory and Monte Carlo computations on O(N) classical
spin models. It is found that the classical ground states are highly degenerate. Nonetheless a ne-
matic order emerges at low temperatures in the Heisenberg model (N = 3) via “order by disorder”,
representing the dominance of coplanar spin configurations. Implications for future experiments are
discussed.

PACS numbers: 75.10.Hk, 75.50.Ee, 75.40.Cx

Antiferromagnets on geometrically frustrated lattices
often possess macroscopically degenerate classical ground
states that satisfy peculiar local constraints imposed by
the underlying lattice structure [2]. Such highly degener-
ate systems are extremely sensitive to thermal and quan-
tum fluctuations, and thereby intriguing classical and
quantum ground states may emerge via “order by dis-
order” [3]. On the other hand, the system may remain
disordered even at zero temperature [4]. These paramag-
netic states are called spin liquid phases and their clas-
sical and quantum varieties have been recent subjects of
intensive theoretical and experimental research activities
[2].

Among several examples of two and three-dimensional
frustrated magnets, the kagome and pyrochlore lattices
have obtained particular attention because a relatively
large number of materials with the magnetic ions sit-
ting on these lattice structures are available [2]. Both
of these lattices are corner-sharing structures of a basic
unit; the triangle and tetrahedron respectively. Despite
this similarity, the classical Heisenberg magnet orders on
the kagome lattice [5, 6] while it remains disordered on
the pyrochlore lattice [7]. The nature of the spin-1/2
quantum Heisenberg magnets on these lattices has not
been settled and remains an important open problem
[8, 9]. On the other hand, spin-1/2 systems are rare on
these lattices and other degrees of freedom such as lat-
tice distortions may play an important additional role.
As a result, direct experimental tests on spin-1/2 quan-
tum magnets have been difficult to realize.

In this context, the recent experiments on Na4Ir3O8 [1]
may provide an important clue on these issues, albeit in a
different three-dimensional frustrated lattice. Here Ir4+

carries spin-1/2 as the five d-electrons form a low spin
state in the t2g level. The Ir and Na ions together occupy
the sites of the pyrochlore lattice such that only three of
the four sites of each tetrahedron are occupied by Ir. The
resulting lattice of magnetic Ir is a network of corner-
sharing triangles as shown in Fig. 1, where each triangle

FIG. 1: (color online). The hyper-kagome lattice. The thin
lines show the underlying pyrochlore lattice.

is derived from different faces of the tetrahedra. In anal-
ogy to the kagome lattice in two-dimensions, it is called
the hyper-kagome lattice. Even though the Curie-Weiss
temperature is large, θW = −650K, the susceptibility
and specific heat show no sign of magnetic ordering, nor
lattice distortion, down to T ∼ |θW |/200 [1]; suggesting
that it may be a spin liquid down to low temperatures.

In this paper, we study the classical antiferromagnet
on the hyper-kagome lattice. Such investigations would
not only reveal the behavior of the antiferromagnet in
the classical regime, but also provide an important start-
ing ground for the understanding of quantum fluctuation
effects. We first study the large-N limit of the O(N)
vector spin model at zero temperature and compute the
spin-spin correlation function in the large-N mean field
theory [10, 11]. It is found that there exist macroscopi-
cally degenerate ground states.

Then we perform large-scale Monte Carlo computa-
tions on the Ising (N = 1) and the Heisenberg (N = 3)
models. At temperatures T > Tn with Tn ∼ 10−3J , the
spin-spin correlation function in the Heisenberg model
(with the exchange coupling J) is very similar to that in
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.

ΘCW = −650K

Y. Okamoto, M. Nohara, H. Agura-Katrori, 
and H. Takagi, arXiv:0705.2821 (2007)
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Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada

 A  B  B

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada

 A

 A

 A

 A

 A

 A

 A

 B

 B

 B

 B

 B

 B

 B

 C

 C

 C

 C

 C

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada

 B C

1284 Can. J. Phys. Vol. 79, 2001

Fig. 1. Corner-sharing lattices, clockwise from top left: the pyrochlore lattice. A projection of the lattice of the

gadolinium gallium garnet (GGG), which consists of two separate, interpenetrating sublattices of corner-sharing

triangles. The Kagome lattice.A side-on view of the trilayer lattice of SCGO, consisting of triangles and tetrahedra.

It can be thought of as two Kagome layers coupled by an intermediate triangular layer (circles).

frustrated SCGO, GGG, Kagome, and pyrochlore lattices (see Fig. 1) [4].2

Geometric frustration arises when the arrangement of spins on a lattice precludes satisfying all

interactions at the same time. The simplest case is provided by a group of three anti-ferromagnetically

coupled spins: once two spins point in opposite directions, the third one cannot be antiparallel to

both of them. Geometrically frustrated magnets are considered to be in a separate class both from

unfrustrated and from disordered magnets (spin glasses and the like). This article concentrates on

continuous, classical, disorder-free geometrically frustrated magnetism, although discrete, quantum,

and disordered models are also briefly discussed.

The popularity of geometrically frustrated magnets stems from the very rich behaviour they present.

For example, magnetic analogues of solid, glassy, liquid, and even ice phases have been identified in

this class of magnets, which is increasingly seen as providing a stage for studying generic questions in

many-body physics in a set of well-characterized compounds described by simple model Hamiltonians.

A wide range of experimental probes are available for their study — including neutron and X-ray

scattering, muon spin rotation (µSR), nuclear magnetic resonance (NMR), and susceptibility and heat

capacity measurements—which yield complementary information. For instance, recently begun NMR

measurements on SCGO are providing information about the local physics at the different inequivalent

sites of the magnetic Cr ions [5], complementing our knowledge obtained from the probes from which

such local information is harder to extract [4]. In the following, however, only cursory reference will

be made to experiment, since a number of detailed experimental reviews exist, to which the reader is

2 Several of these experiments, as well as related theoretical work, are treated in other articles of this volume.

©2001 NRC Canada

 A

 A  A

 A

 A

 A

 A

 B  B  B

 B  B  B

 C  C  C

 C  C  C

√
3×

√
3 q = 0



 Non-planar states can be generated by continuous 
distortions of a planar state

 All ground states can be generated by repeated introduction 
of ‘defects’ into the different parent planar states

J. Phys.: Condens. Matter 19 (2007) 145256 S Tanaka and S Miyashita

Figure 1. The spin configuration of the ground state in a triangle cluster and an example of the
weathervane loop (bold line).

from the viewpoint of structural change of the macroscopically degenerate ordered states of the
Ising-like Heisenberg kagome antiferromagnet. Maegawa et al discovered the two cusps in the
temperature dependence of the susceptibility in NH4Fe3(OH)6(SO4)2 [8]. They concluded that
the successive phase transition may be caused by a small Ising-like anisotropy in the Heisenberg
kagome antiferromagnet.

In recent experimental studies, the antiferromagnetic kagome compounds show slow
relaxation of magnetization and dynamical susceptibility. Usually, the slow dynamics is caused
by random interaction of the systems. However, slow relaxation appears in non-random spin
systems such as SrCr9x Ga12−9xO19 (SCGO) and AM3(OH)6(SO4)2, which are corner-sharing
structures.

In the present paper, as a candidate of the origin of the slow relaxation in non-
random systems, we study relaxation phenomena in kagome antiferromagnetic systems in
the macroscopically degenerate ordered state of the Ising-like Heisenberg antiferromagnetic
kagome systems. In order to characterize the degenerate state we introduce a weathervane
loop, and investigate the microscopic mechanism of the slow relaxation by considering the
relaxation of the configuration of the weathervane loop structure, which is much slower than
the relaxation of the total magnetization which is the macroscopic order parameter of the model.

In section 2, we review the phase transition and features of the Ising-like Heisenberg
antiferromagnetic kagome systems. In section 3, we consider relaxation processes of a number
of ‘weathervane loops’. In section 4, we conclude our research.

2. Model

We consider the Ising-like Heisenberg kagome antiferromagnetic system,

H = J

(
∑

〈i, j〉
Sx

i Sx
j + Sy

i Sy
j + ASz

i Sz
j

)
, J > 0 and A > 1, (1)

where 〈i, j〉 and A denote the nearest neighbour in the kagome lattice and Ising-like anisotropy,
respectively. The kagome system consists of triangle units that share one corner. The ground
state of an Ising-like Heisenberg triangle unit is given by Sα = (0, 0, 1), Sβ = (s, 0,−c),
Sγ = (−s, 0,−c), where c = A

A+1 and s =
√

1 − c2. The freedom of rotation 2π in the xy-
plane remains in Sβ and Sγ . Because the antiferromagnetic kagome lattice system has a large
number of degenerate states, it is important to consider the entropy of the spin configuration. If
we connect {Sβ} and {Sγ } in the lattice, we find a closed loop as shown in figure 1. We call the
line a weathervane loop.

This system has nonzero magnetization in the ground state, the value of which is 1 − 2c
in each triangle unit. It is important to note that no sublattice long-range order exists in this
system in spite of the existence of the magnetic phase transition.

2

Weathervane loop

 Degeneracy of the co-planar states is extensive; 

e0.379N (from 3-state Potts antiferromagnet)
D. A. Huse, A. Rutenberg, PRB 45, 7536 (1992)



 Planar ground states have more soft modes 
(introduction of ‘defect’ removes certain soft modes)

 Planar ground states are favored at small temperatures

 Expect growing correlation of nematic order 
(broken spin-rotation symmetry);
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FIG. 3: (color online). The dipolar (eκ) and dual lattice
(e′

κ) vectors.

Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyper-kagome lattice;
the sites on the hyper-kagome lattice should be placed
on the bonds of the dual lattice. This dual lattice can
be obtained by connecting centers of the tetrahedra of
the underlying pyrochlore lattice, but only along the di-
rections that would pass through the sites of the hyper-
kagome lattice. Then there exists a unique bond κ (on
the dual lattice) for a given site i. Let us define e′κ as the
unit vector along the bond κ (see Fig. 3). We now define
N number of “magnetic” vector fields bα

κ along the bond
κ via bα

κ = Sα
κ eκ, where Sα

κ and eκ represent the spin
and unit vector defined earlier on the hyper-kagome lat-
tice. Notice that the direction of these “magnetic” vector
fields is not along e′κ. Nonetheless the “magnetic” vector
fields satisfy Div bα =

∑

κ e′κ · bα
κ =

∑

κ e′κ · eκSα
κ = 0

on the dual lattice. This is a direct consequence of the
constraint

∑

iε∆ Sα
i = 0 and e′κ · eκ =

√

2/3 for all κ.
We now define coarse grained “magnetic” vector fields,

Bα, averaged over clusters of spins [11, 12]. Notice that
there exist many “flippable” spin configurations where
local rearrangement of the spins in a cluster can be made
without violating the constraints. The coarse-grained
field over such “flippable” spin configurations will average
out to a small value. Then the large entropic weight is re-
lated to the small values of Bα. This feature can be repre-
sented by an entropic weight of the form exp(−K

2

∫

drB2)
[11, 12]. This Maxwellian form of the “action” and the
“Gauss law” constraint will lead to the dipolar form of
〈Bα

i (r)Bβ
j (0)〉 ∝ δαβ(3xixj − r2δij)/r5, and hence the

spin-spin correlation function in Eq. 3. The discovery of
such spin correlations supports the entropic argument a
posteriori.

Monte Carlo simulations.—Classical Monte Carlo sim-
ulations for the Heisenberg (N = 3) and Ising (N = 1)
models are performed on L×L×L number of unit cells.
We mostly discuss the results of the Heisenberg model
here and mention those of the Ising model only when it
is necessary. In the first place, a first-order transition
occurs at T = Tn ∼ 10−3J in the Heisenberg model.
This can be most clearly seen in the nematic correlation
function defined as [5]
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where S1, S2, and S3 are three spins on the triangle a.
g(r) = 1 in an ideal coplanar state and g(r) = 0 in a non-
coplanar state. The nematic correlation function for the
next-nearest neighbors is shown in Fig. 4 and it clearly
shows a first order transition from a low temperature ne-
matic ordered state to a disordered state at Tn ∼ 10−3J ;
coplanar configurations are chosen below Tn via “order
by disorder”. Similar behavior is seen for the nearest-
neighbor and all higher-neighbor correlations. The en-
ergy and specific heat data are also consistent with the
first order transition at Tn (see Fig. 5). Notice that all
the Monte Carlo data for the two largest system sizes
L = 6 and L = 8 are almost identical. The zero temper-
ature specific heat approaches 11/12 per spin and it is
consistent with the expectation that the low temperature
phase is dominated by coplanar spin structures. Analy-
sis about coplanar states tells us that there are 4 quartic
and 20 quadratic modes per unit cell. Since each quar-
tic (quadratic) mode contributes 1/4(1/2) to the specific
heat [5], the total specific heat becomes 11/12 per spin.
Interestingly the same zero temperature specific heat was
obtained in the Heisenberg model on the kagome lattice
[5]. The crucial difference between two cases, however,
is that the nematic order on the hyper-kagome lattice is
long-ranged at finite temperatures while it becomes long-
ranged only in the T → 0 limit on the kagome lattice [5].

On the other hand, no magnetic order is seen down
to Tn as we do not find any elastic peaks in the spin
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 Small distortions from an arbitrary coplanar ground state

H = H0 +
∑
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Hn(εn)

 quadratic potential; identical for all coplanar statesH2 :

H3 + H4 :  Quartic potential not the same for different 
coplanar states
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3 favored as Boltzman weight not the same; T → 0
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Figure 2. Temperature dependence of (a) the magnetization and (b) the specific heat for A = 3. (•
for N = 675, ◦ for N = 972, ♦ for N = 1728, and " for N = 2700.)
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Figure 3. A typical example of the ground state of the anisotropic Heisenberg kagome system.
(a) q = 0 state, (b)

√
3 ×

√
3 state, and (c) the random ground state. The circles and thick lines

denote Sα and the weathervane loop, respectively.

In order to study the equilibrium properties, we use the heat bath method of Monte Carlo
simulations with 100 000 Monte Carlo steps (MCSs) for initial relaxation and 100 000 MCSs
for collecting data. For the region near the critical point, we perform 200 000 MCSs for initial
relaxation and 500 000 MCSs for measurement. Figures 2(a) and (b) show the temperature
dependence of the magnetization and the specific heat for A = 3, respectively.

In figure 2(a) we see that, when T → 0, the magnetization approaches the value of the
ground state, 1

3
−A+1
A+1 = − 1

6 . Around T ' 0.078, the magnetization changes suddenly and
the specific heat diverges, which indicates a second-order phase transition. This is the phase
transition which belongs to the two-dimensional Ising ferromagnetic universality class [1].

3. Weathervane loop and defects

In the ground state, there are macroscopic degenerate configurations of the weathervane loop
as depicted in figures 3(a)–(c). Figures 3(a) and (b) show the ground states which are called
the q = 0 and

√
3 ×

√
3 structure, respectively. On the other hand, in figure 3(c), we show

a configuration which is obtained by quenching the system from a high temperature; we call
it a ‘random structure’. Let us consider the degeneracy of the ground state. Each loop has a
rotation degree of freedom 2π . We denote the number of the degeneracy of the ground state
(2π)nloop , where nloop denotes the number of weathervane loops. In the spin configuration of

3
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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Ref. 10, where a new spin liquid phase, the excitonic bose
liquid, was discussed.

In contrast to the isotropic Kagomé system, the ground
states of the distorted Kagomé lattice are not connected
by local moves, requiring moving an infinite number of
spins to make transitions from one configuration to an-
other. We suggest that this difference may be related
to the experimental observation of spin freezing seen in
NMR experiments at low temperatures in Volborthite
(but not in the isotropic Kagomé compound Herbert-
smithite). The classical ground state ensemble may then
be expected to capture aspects of this glassy state, which
we use to make experimental predictions.

Next, we consider the question - if a spin system on
this lattice develops long range magnetic order, what
is the preferred spin pattern? The degeneracy is ex-
pected to be broken by fluctuation effects, and hence
we analyze the effect of quantum and thermally excited
spin waves in the harmonic approximation. Remarkably,
the spin waves are found to have a precisely flat disper-
sion, as in the ideal Kagomé case, and do not distin-
guish between the classical ground states at this level.
To proceed we consider thermal fluctuations in the clas-
sical model in two complementary ways, approaching
from high and low temperatures. These are found to
be consistent with one another and point to a new fer-
rimagnetic state, characterized by alternating chirality
stripes, and a doubled unit cell, which we call the chiral-
ity stripe state. The first calculation consists of combin-
ing the low temperature non-linear spin wave expansion
with the effective chirality Hamiltonian technique pio-
neered by Henley11. While at the isotropic point our
method picks out the

√
3 ×

√
3 state, consistent with

many other studies11,12,13,14,15, turning up the spatial
anisotropy leads to a transition into a new state - the
chirality stripe state. To attack the problem from the
opposite, disordered limit, we consider generalization to
the classical O(n) model which is tractable in the limit
n → ∞, and captures the fluctuating nature of the spins
at high temperatures. At the saddle point level, the flat
band degeneracy of the ideal Kagomé case is shrunk down
to a line degeneracy. Fully lifting the degeneracy requires
going to the next order in 1/n, which we accomplish by
utilizing the high temperature expansion. The selected
state has the same nontrivial wavevector as the chirality
stripe state providing additional confirmation.

Finally, we study the problem in the quantum limit, via
exact diagonalization studies on small (12-site) systems
with spin 1/2. Bulk properties such as specific heat and
magnetic susceptibility at intermediate to high tempera-
tures are found to be rather insensitive to the anisotropy
and differences arise only below temperatures of about
J/5, as seen in experiments1. On the other hand, the
ground state of the small cluster is found to be a spin sin-
glet and the spin gap decreases on increasing anisotropy.

The structure of this paper is as follows. In section
II we discuss the classical ground states of the distorted
Kagomé model as well as the properties of the ground

state ensemble, and possible connections to the NMR
experiments on the low temperature state in Volbor-
thite. Next, we address the question of which spin or-
dered pattern is favored by fluctuations on this lattice
using two approaches, first by deriving an effective chi-
rality Hamiltonian from non-linear spin waves in Section
III and next via a classical large-n O(n) approach, in
SectionIV, which produce consistent results. Finally, the
problem is treated in the extreme quantum limit via ex-
act diagonalization of small systems in SectionV. Details
of calculations are relegated to three appendices.

II. CLASSICAL GROUND STATES

Consider the antiferromagnetic Heisenberg model on
the distorted Kagomé lattice (Fig. 1) with different cou-
plings for bonds on the three principal directions,

H =
∑

triangles

(JABSA · SB + JBCSB · SC + JCASC · SA)

=

∏

J

2

∑

triangles

(

SA

JBC
+

SB

JCA
+

SC

JAB

)2

− constant

where S are quantum or classical spins,
∏

J means
JABJBCJCA, and A, B, C are indices for the three sub-
lattices.

If JAB, JBC, JCA are all different, we call the lattice
fully distorted Kagomé lattice. In this paper however we
consider mainly the distorted Kagomé lattice in which
JAB = JCA &= JBC. For simplicity we set JAB = JCA = 1
and JBC = α. The Hamiltonian simplifies to the follow-
ing form,

H =
∑

triangles

(SA · SB + αSB · SC + SC · SA)

=
α

2

∑

triangles

[(1/α)SA + SB + SC]2 − constant
(1)

There are two simple limits. In one limiting case, α →
0, the lattice becomes a decorated square lattice, with
additional sites at the midpoints of square lattice edges.
In the other, quasi-1D, limit α → ∞ the lattice turns
into decoupled antiferromagnetic chains and ‘free’ spins.

From the lattice structure of Volborthite we expect
that α > 1 in that material, although there is no di-
rect experimental data available yet. α < 1 case is also
considered in the following theoretical treatment.

The first step of studying the classical ground states on
the lattice is to solve the classical ground states of a single
triangle. Setting the ‘cluster spin’ in Eqn. (1) to zero we
can solve the angle between A-site spin and B(C)-site
spin, denoted as θ0 = arccos(−1/2α) (see Fig. 2). Since
α &= 1, this angle will be in general incommensurate to
2π. We ignore the accidental commensurate cases in the
following discussion since they form a measure-zero set
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by local moves, requiring moving an infinite number of
spins to make transitions from one configuration to an-
other. We suggest that this difference may be related
to the experimental observation of spin freezing seen in
NMR experiments at low temperatures in Volborthite
(but not in the isotropic Kagomé compound Herbert-
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The first step of studying the classical ground states on
the lattice is to solve the classical ground states of a single
triangle. Setting the ‘cluster spin’ in Eqn. (1) to zero we
can solve the angle between A-site spin and B(C)-site
spin, denoted as θ0 = arccos(−1/2α) (see Fig. 2). Since
α &= 1, this angle will be in general incommensurate to
2π. We ignore the accidental commensurate cases in the
following discussion since they form a measure-zero set
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liquid, was discussed.

In contrast to the isotropic Kagomé system, the ground
states of the distorted Kagomé lattice are not connected
by local moves, requiring moving an infinite number of
spins to make transitions from one configuration to an-
other. We suggest that this difference may be related
to the experimental observation of spin freezing seen in
NMR experiments at low temperatures in Volborthite
(but not in the isotropic Kagomé compound Herbert-
smithite). The classical ground state ensemble may then
be expected to capture aspects of this glassy state, which
we use to make experimental predictions.

Next, we consider the question - if a spin system on
this lattice develops long range magnetic order, what
is the preferred spin pattern? The degeneracy is ex-
pected to be broken by fluctuation effects, and hence
we analyze the effect of quantum and thermally excited
spin waves in the harmonic approximation. Remarkably,
the spin waves are found to have a precisely flat disper-
sion, as in the ideal Kagomé case, and do not distin-
guish between the classical ground states at this level.
To proceed we consider thermal fluctuations in the clas-
sical model in two complementary ways, approaching
from high and low temperatures. These are found to
be consistent with one another and point to a new fer-
rimagnetic state, characterized by alternating chirality
stripes, and a doubled unit cell, which we call the chiral-
ity stripe state. The first calculation consists of combin-
ing the low temperature non-linear spin wave expansion
with the effective chirality Hamiltonian technique pio-
neered by Henley11. While at the isotropic point our
method picks out the
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3 state, consistent with

many other studies11,12,13,14,15, turning up the spatial
anisotropy leads to a transition into a new state - the
chirality stripe state. To attack the problem from the
opposite, disordered limit, we consider generalization to
the classical O(n) model which is tractable in the limit
n → ∞, and captures the fluctuating nature of the spins
at high temperatures. At the saddle point level, the flat
band degeneracy of the ideal Kagomé case is shrunk down
to a line degeneracy. Fully lifting the degeneracy requires
going to the next order in 1/n, which we accomplish by
utilizing the high temperature expansion. The selected
state has the same nontrivial wavevector as the chirality
stripe state providing additional confirmation.

Finally, we study the problem in the quantum limit, via
exact diagonalization studies on small (12-site) systems
with spin 1/2. Bulk properties such as specific heat and
magnetic susceptibility at intermediate to high tempera-
tures are found to be rather insensitive to the anisotropy
and differences arise only below temperatures of about
J/5, as seen in experiments1. On the other hand, the
ground state of the small cluster is found to be a spin sin-
glet and the spin gap decreases on increasing anisotropy.

The structure of this paper is as follows. In section
II we discuss the classical ground states of the distorted
Kagomé model as well as the properties of the ground

state ensemble, and possible connections to the NMR
experiments on the low temperature state in Volbor-
thite. Next, we address the question of which spin or-
dered pattern is favored by fluctuations on this lattice
using two approaches, first by deriving an effective chi-
rality Hamiltonian from non-linear spin waves in Section
III and next via a classical large-n O(n) approach, in
SectionIV, which produce consistent results. Finally, the
problem is treated in the extreme quantum limit via ex-
act diagonalization of small systems in SectionV. Details
of calculations are relegated to three appendices.
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From the lattice structure of Volborthite we expect
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pected to be broken by fluctuation effects, and hence
we analyze the effect of quantum and thermally excited
spin waves in the harmonic approximation. Remarkably,
the spin waves are found to have a precisely flat disper-
sion, as in the ideal Kagomé case, and do not distin-
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JAB = JCA &= JBC. For simplicity we set JAB = JCA = 1
and JBC = α. The Hamiltonian simplifies to the follow-
ing form,

H =
∑

triangles

(SA · SB + αSB · SC + SC · SA)

=
α

2

∑

triangles

[(1/α)SA + SB + SC]2 − constant
(1)

There are two simple limits. In one limiting case, α →
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In the other, quasi-1D, limit α → ∞ the lattice turns
into decoupled antiferromagnetic chains and ‘free’ spins.

From the lattice structure of Volborthite we expect
that α > 1 in that material, although there is no di-
rect experimental data available yet. α < 1 case is also
considered in the following theoretical treatment.
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the lattice is to solve the classical ground states of a single
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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arccos(−1/2α)), definition of chirality variables, and con-
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a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.

2

Ref. 10, where a new spin liquid phase, the excitonic bose
liquid, was discussed.

In contrast to the isotropic Kagomé system, the ground
states of the distorted Kagomé lattice are not connected
by local moves, requiring moving an infinite number of
spins to make transitions from one configuration to an-
other. We suggest that this difference may be related
to the experimental observation of spin freezing seen in
NMR experiments at low temperatures in Volborthite
(but not in the isotropic Kagomé compound Herbert-
smithite). The classical ground state ensemble may then
be expected to capture aspects of this glassy state, which
we use to make experimental predictions.

Next, we consider the question - if a spin system on
this lattice develops long range magnetic order, what
is the preferred spin pattern? The degeneracy is ex-
pected to be broken by fluctuation effects, and hence
we analyze the effect of quantum and thermally excited
spin waves in the harmonic approximation. Remarkably,
the spin waves are found to have a precisely flat disper-
sion, as in the ideal Kagomé case, and do not distin-
guish between the classical ground states at this level.
To proceed we consider thermal fluctuations in the clas-
sical model in two complementary ways, approaching
from high and low temperatures. These are found to
be consistent with one another and point to a new fer-
rimagnetic state, characterized by alternating chirality
stripes, and a doubled unit cell, which we call the chiral-
ity stripe state. The first calculation consists of combin-
ing the low temperature non-linear spin wave expansion
with the effective chirality Hamiltonian technique pio-
neered by Henley11. While at the isotropic point our
method picks out the

√
3 ×

√
3 state, consistent with

many other studies11,12,13,14,15, turning up the spatial
anisotropy leads to a transition into a new state - the
chirality stripe state. To attack the problem from the
opposite, disordered limit, we consider generalization to
the classical O(n) model which is tractable in the limit
n → ∞, and captures the fluctuating nature of the spins
at high temperatures. At the saddle point level, the flat
band degeneracy of the ideal Kagomé case is shrunk down
to a line degeneracy. Fully lifting the degeneracy requires
going to the next order in 1/n, which we accomplish by
utilizing the high temperature expansion. The selected
state has the same nontrivial wavevector as the chirality
stripe state providing additional confirmation.

Finally, we study the problem in the quantum limit, via
exact diagonalization studies on small (12-site) systems
with spin 1/2. Bulk properties such as specific heat and
magnetic susceptibility at intermediate to high tempera-
tures are found to be rather insensitive to the anisotropy
and differences arise only below temperatures of about
J/5, as seen in experiments1. On the other hand, the
ground state of the small cluster is found to be a spin sin-
glet and the spin gap decreases on increasing anisotropy.

The structure of this paper is as follows. In section
II we discuss the classical ground states of the distorted
Kagomé model as well as the properties of the ground

state ensemble, and possible connections to the NMR
experiments on the low temperature state in Volbor-
thite. Next, we address the question of which spin or-
dered pattern is favored by fluctuations on this lattice
using two approaches, first by deriving an effective chi-
rality Hamiltonian from non-linear spin waves in Section
III and next via a classical large-n O(n) approach, in
SectionIV, which produce consistent results. Finally, the
problem is treated in the extreme quantum limit via ex-
act diagonalization of small systems in SectionV. Details
of calculations are relegated to three appendices.

II. CLASSICAL GROUND STATES

Consider the antiferromagnetic Heisenberg model on
the distorted Kagomé lattice (Fig. 1) with different cou-
plings for bonds on the three principal directions,

H =
∑

triangles

(JABSA · SB + JBCSB · SC + JCASC · SA)

=

∏

J

2

∑

triangles

(

SA

JBC
+

SB

JCA
+

SC

JAB

)2

− constant

where S are quantum or classical spins,
∏

J means
JABJBCJCA, and A, B, C are indices for the three sub-
lattices.

If JAB, JBC, JCA are all different, we call the lattice
fully distorted Kagomé lattice. In this paper however we
consider mainly the distorted Kagomé lattice in which
JAB = JCA &= JBC. For simplicity we set JAB = JCA = 1
and JBC = α. The Hamiltonian simplifies to the follow-
ing form,

H =
∑

triangles

(SA · SB + αSB · SC + SC · SA)

=
α

2

∑

triangles

[(1/α)SA + SB + SC]2 − constant
(1)

There are two simple limits. In one limiting case, α →
0, the lattice becomes a decorated square lattice, with
additional sites at the midpoints of square lattice edges.
In the other, quasi-1D, limit α → ∞ the lattice turns
into decoupled antiferromagnetic chains and ‘free’ spins.

From the lattice structure of Volborthite we expect
that α > 1 in that material, although there is no di-
rect experimental data available yet. α < 1 case is also
considered in the following theoretical treatment.

The first step of studying the classical ground states on
the lattice is to solve the classical ground states of a single
triangle. Setting the ‘cluster spin’ in Eqn. (1) to zero we
can solve the angle between A-site spin and B(C)-site
spin, denoted as θ0 = arccos(−1/2α) (see Fig. 2). Since
α &= 1, this angle will be in general incommensurate to
2π. We ignore the accidental commensurate cases in the
following discussion since they form a measure-zero set
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
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Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
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of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on

"
0

#$  = +6
i

or,

i
#$  = $ +$  = 0

1 4

$
1

$
6

3
$

4
$

$
5

$
2

% < 1/2

B

D

A

F

C

E

FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
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commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
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of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.
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ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
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a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.
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A. Properties of Coplanar Ground States on
Distorted Kagomé Lattice

The degree of degeneracy for these models on a lattice
is a much more subtle problem. From Baxter’s solution17

we know that the degeneracy of the coplanar ground
states of the isotropic Kagomé antiferromagnet (or 3-
state Potts antiferromagnet) is extensive, exp(0.379N),
where N is the number of Kagomé unit cells.

By counting the allowed chirality patterns for the dis-
torted Kagomé model with the L × L open boundary
geometry in Fig. 1 up to L = 9, we conclude that the
degeneracy is ‘sub-extensive’, about exp(2.2L). Table I
lists the exact enumeration result.

Appendix A derives the asymptotic formula of the de-
generacy by transfer matrix method for a slightly dif-
ferent geometry with periodic boundary condition. The
‘sub-extensive’ behavior is proved by rigorous upper and
lower bounds and the asymptotic formula.

For fully distorted Kagomé model the degeneracy is
also ‘sub-extensive’, about exp(1.4L) for the geometry in
Fig. 1.

One should be aware that the constant in the exponent
depends on geometry and boundary conditions. Notice
that Appendix A uses another geometry so that the re-
sult is not exactly the same as the enumeration results,
although they both show ‘sub-extensive’ behavior.

Another issue about classical degeneracy is the ex-
istence of the so-called ‘weather-vane’ modes. In the
isotropic Kagomé model those local zero-energy modes
were argued to favor the

√
3 ×

√
3 state13. However one

can easily prove that in the distorted Kagomé O(3) model
there is no local ‘weather-vane’ modes. This is because
the cluster of spins of a ‘weather-vane’ mode must be
bounded by spins pointing to the same direction. Those
boundary spins inevitably involves all three sublattices if
the cluster is finite. But an A-site spin can never be in
the same direction as a B-site spin if θ0 = arccos(−1/2α)
is incommensurate to 2π.

There could still be non-local ‘weather-vane’ modes in-
volving an infinite number of spins in the thermodynamic
limit. But the number of these modes do not scale as
the area of the system. In this respect, the ground state
manifold of the distorted Kagomé model is much less con-
nected than that of the isotropic Kagomé model. Thus
glassy behavior is more likely to happen in the distorted
model.

Huse and Rutenberg studied the ground state ensem-
ble of the isotropic Kagomé antiferromagnet14 by field
theoretical and Monte Carlo methods, and found that
the spin-spin correlation has the

√
3×

√
3 state signature

but with power-law decay.
We study the classical ground state ensemble of the

distorted model by measuring the ensemble averaged
spin-spin correlation. Lacking a good Monte Carlo al-
gorithm we use the exact enumeration result for L × L
lattice with open boundary up to L = 9. Because of
the small size and possible boundary effects we have not

TABLE I: Exact enumeration results for L×L open boundary
chirality lattice in the geometry of Fig. 1. The number of clas-
sical ground states NGS for isotropic and distorted Kagomé
lattices are shown. The tendency to order in different patterns
[q = 0 (Γ),

√
3 ×

√
3 (K) and stripe (M) patterns] are com-

pared by evaluating mean-square values of relevant chirality
combinations [〈m2

Γ〉, 〈m2
K〉, 〈m2

M〉 respectively].

Kagomé distorted

L NGS
〈m2

Γ
〉

〈m2
K
〉

〈m2
M

〉

〈m2
K
〉

NGS
〈m2

Γ
〉

〈m2
K
〉

〈m2
M

〉

〈m2
K
〉

1 22 0.50 1.00 14 0.64 1.00

2 952 0.32 0.90 168 0.62 1.03

3 84,048 0.22 0.92 1,864 0.61 1.25

4 15,409,216 0.17 0.84 19,724 0.61 1.25

5 201,584 0.61 1.31

6 2,008,276 0.61 1.35

7 19,596,536 0.61 1.45

8 188,078,644 0.60 1.41

9 1,779,795,056 0.60 1.48

been able to extract the scaling form of the correlation
functions. However the result is qualitatively different
from those of the isotropic Kagomé antiferromagnet. For
A-sublattice the correlation has a large q = 0 (Γ-point)
component. For B(C)-sublattice the correlation has a
large Fourier component at the M-point, the mid-point
of the BZ top(bottom) edge.

Based on these hints we propose an ordering pattern
as in Fig. 1. It has horizontal alternating stripes of posi-
tive(negative) chiralities. We will later call it the chirality
stripe state. This pattern doubles the magnetic unit cell
in the vertical direction, thus reduces the BZ, and the M-
point is actually equivalent to the Γ-point for the reduced
BZ (Fig. 1).

To further confirm this we measured the mean-square
of three Fourier modes of the chirality variables 〈m2〉:
(i) the uniform pattern, corresponding to the q = 0 (Γ-
point in BZ) spin configuration, with mΓ =

∑

η; (ii)
the staggered pattern, corresponding to the

√
3 ×

√
3

spin configuration of the isotropic case or K-point in
BZ, with mK =

∑

±η where the two sublattices in
the honeycomb chirality lattice have opposite ± sign;
and (iii) the chirality stripe pattern, corresponding to
our proposed spin configuration (M-point in BZ), with
mM =

∑

±η exp(ikM ·R) where the ± signs are the same
as the staggered pattern, R is the position of the honey-
comb unit cell, kM is the wavevector of M-point (Fig. 1).

Results are summarized in Table I. For the isotropic
Kagomé model, the staggered pattern mode has the
largest mean-square value, while for the distorted
Kagomé model the chirality stripe pattern has the
largest mean-square value, which is consistent with the
ensemble-averaged spin-spin correlation result. Also
from the scaling of the mean-squares with system size
we conclude that there is no long-range-order for chiral-
ity variables at these Fourier modes.

Volborthite Kagome

4

A. Properties of Coplanar Ground States on
Distorted Kagomé Lattice
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Figure 1. The spin configuration of the ground state in a triangle cluster and an example of the
weathervane loop (bold line).

from the viewpoint of structural change of the macroscopically degenerate ordered states of the
Ising-like Heisenberg kagome antiferromagnet. Maegawa et al discovered the two cusps in the
temperature dependence of the susceptibility in NH4Fe3(OH)6(SO4)2 [8]. They concluded that
the successive phase transition may be caused by a small Ising-like anisotropy in the Heisenberg
kagome antiferromagnet.

In recent experimental studies, the antiferromagnetic kagome compounds show slow
relaxation of magnetization and dynamical susceptibility. Usually, the slow dynamics is caused
by random interaction of the systems. However, slow relaxation appears in non-random spin
systems such as SrCr9x Ga12−9xO19 (SCGO) and AM3(OH)6(SO4)2, which are corner-sharing
structures.

In the present paper, as a candidate of the origin of the slow relaxation in non-
random systems, we study relaxation phenomena in kagome antiferromagnetic systems in
the macroscopically degenerate ordered state of the Ising-like Heisenberg antiferromagnetic
kagome systems. In order to characterize the degenerate state we introduce a weathervane
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B. Comparison with 51V NMR in Volborthite

We have already noted that in contrast to classi-
cal ground states on the isotropic Kagomé lattice, all
ground states on the distorted Kagomé lattice are dis-
connected from one another, and require moving an in-
finite number of spins. Within a semi-classical view-
point, large kinetic barriers separating the distorted
Kagomé ground states might lead to freezing at low
temperatures. Interestingly, low temperature NMR
experiments18 on Volborthite indicate spin freezing be-
low 1.5K(∼ J/60)19, but no such freezing is observed in
the isotropic Herbertsmithite20,21,22,23. It is tempting to
attribute this difference in behavior to the difference in
connectivity of classical ground states in the two cases.
The vanadium atoms occupy the hexagon centers of the
Kagomé lattice, and are hence coupled to six spin 1/2 Cu
moments. Experimentally, on cooling through the glass
transition temperature there is a rapid rise of 1/T1, and
at lower temperatures two distinct local environments
for the 51V sites appear, a higher static field environ-
ment (rectangular lineshape) estimated to involve 20% of
spins, and a lower field environment (gaussian lineshape)
for the remainder. We assume that the glassy state lo-
cally resembles certain classical ground state. Then a
volume average of a local quantity in the glassy state
corresponds to an ensemble average over classical ground
states. Of relevance to the NMR experiments here is
the distribution of exchange fields at the 51V site, aris-
ing from spin configurations on the hexagons. For the
nearly isotropic case α ≈ 1, three different field values
(H) are possible, H ≈ 3Hcu, H ≈

√
3HCu and H ≈ 0,

where HCu is the field from a single spin. For example,
the first corresponds to a local

√
3 ×

√
3 pattern with

staggered chirality. We need to calculate the probabil-
ity to find these different fields. The authors of Ref. 18
attempted this for the local

√
3 ×

√
3 pattern, but their

estimate did not include any constraint on the chirality
variables which completely modifies the answers. In Ap-
pendix A we describe how the transfer matrix method
can be used to calculate the probability for the distorted
Kagomé ground states in the thermodynamic limit. The
probability of obtaining the 3Hcu exchange field vanishes,
while that of the

√
3HCu is 25% and of the approximately

zero field configuration is 75%. This is roughly consistent
with the experimental observation, but implies a revised
value for the local moment that was obtained in Ref. 18
which assumed a local field of 3HCu. Hence we antici-
pate a copper moment per site of 0.4 ×

√
3 = 0.7 of the

full moment, for small anisotropy. If the anisotropy is
significant, the local field also changes, with the previous√

3HCu →
√

(5α − 2)/α3HCu and the zero field values
now being |2 − 2α−1|HCu (with 50% probability) and
α−2|α−1|HCu (with 25% probability). This allows us to
give an upper bound for the anisotropy (that has not yet
been experimentally determined), by requiring the local
moment be less than unity, which gives α < 1.6.

III. EFFECT OF FLUCTUATIONS ABOUT THE
CLASSICAL GROUND STATES

It is well-known that thermal or quantum fluctua-
tion can lift the classical ground state degeneracy24. In
the isotropic Kagomé model these kinds of ‘order-by-
disorder’ studies suggest that the Kagomé antiferromag-
net would select the

√
3 ×

√
3 ground state11,12,13,14,

namely the staggered chirality pattern.
We study the ‘order-by-disorder’ effect in the distorted

Kagomé model (α > 1) by quantum and classical ‘spin
wave’ theory. It is found that at quadratic order the fluc-
tuations (quantum or classical) cannot distinguish dif-
ferent coplanar classical ground states. One has to go
beyond quadratic order of fluctuation to find ‘order-by-
disorder’ phenomenon.

A. Linear Spin Wave Theory

A classical coplanar ground state can be described by
angles θj of classical spins with respect to a reference
direction in spin space. Define a local spin axis for every
site such that the Sz axis is perpendicular to the common
plane of all classical spins, and the Sx axis is along the
classical spin direction.

The Hamiltonian becomes

H =
∑

<ij>

Jij [S
z
i Sz

j + cos(θij)(S
x
i Sx

j + Sy
i Sy

j )

− sin(θij)(S
x
i Sy

j − Sy
i Sx

j )]

(3)

where θij = θi − θj is the angle between classical spins
on sites i and j, and the chiralities determine the sign of
these angle differences.

For quantum spin-S spins we can use the Holstein-
Primakoff bosons to describe the fluctuations

Sx
i = S − ni

S+
i = Sy

i + iSz
i =

√

2S − ni · bi

S−
i = Sy

i − iSz
i = b†i

√

2S − ni

where ni = b†ibi is the boson number operator.
Expanding in powers of 1/S, the Hamiltonian becomes

H = EGS + S3/2H1 + S · H2 + S1/2H3 + H4 + . . .

where EGS is the classical ground state energy, Hn con-
tains n-th order boson creation(annihilation) operator
polynomials. In fact H1 identically vanishes. H2 gives
the quadratic (or so-called ‘linear’) spin wave theory.

H2 =
∑

<ij>

H2,ij

H2,ij = − Jij cos(θij)[ni + nj − (1/2)(b†i + bi)(b
†
j + bj)]

− (1/2)Jij(b
†
i − bi)(b

†
j − bj)

(4)
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Kagomé ground states might lead to freezing at low
temperatures. Interestingly, low temperature NMR
experiments18 on Volborthite indicate spin freezing be-
low 1.5K(∼ J/60)19, but no such freezing is observed in
the isotropic Herbertsmithite20,21,22,23. It is tempting to
attribute this difference in behavior to the difference in
connectivity of classical ground states in the two cases.
The vanadium atoms occupy the hexagon centers of the
Kagomé lattice, and are hence coupled to six spin 1/2 Cu
moments. Experimentally, on cooling through the glass
transition temperature there is a rapid rise of 1/T1, and
at lower temperatures two distinct local environments
for the 51V sites appear, a higher static field environ-
ment (rectangular lineshape) estimated to involve 20% of
spins, and a lower field environment (gaussian lineshape)
for the remainder. We assume that the glassy state lo-
cally resembles certain classical ground state. Then a
volume average of a local quantity in the glassy state
corresponds to an ensemble average over classical ground
states. Of relevance to the NMR experiments here is
the distribution of exchange fields at the 51V site, aris-
ing from spin configurations on the hexagons. For the
nearly isotropic case α ≈ 1, three different field values
(H) are possible, H ≈ 3Hcu, H ≈

√
3HCu and H ≈ 0,

where HCu is the field from a single spin. For example,
the first corresponds to a local

√
3 ×

√
3 pattern with

staggered chirality. We need to calculate the probabil-
ity to find these different fields. The authors of Ref. 18
attempted this for the local

√
3 ×

√
3 pattern, but their

estimate did not include any constraint on the chirality
variables which completely modifies the answers. In Ap-
pendix A we describe how the transfer matrix method
can be used to calculate the probability for the distorted
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ferent coplanar classical ground states. One has to go
beyond quadratic order of fluctuation to find ‘order-by-
disorder’ phenomenon.

A. Linear Spin Wave Theory

A classical coplanar ground state can be described by
angles θj of classical spins with respect to a reference
direction in spin space. Define a local spin axis for every
site such that the Sz axis is perpendicular to the common
plane of all classical spins, and the Sx axis is along the
classical spin direction.

The Hamiltonian becomes
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where θij = θi − θj is the angle between classical spins
on sites i and j, and the chiralities determine the sign of
these angle differences.

For quantum spin-S spins we can use the Holstein-
Primakoff bosons to describe the fluctuations
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where ni = b†ibi is the boson number operator.
Expanding in powers of 1/S, the Hamiltonian becomes

H = EGS + S3/2H1 + S · H2 + S1/2H3 + H4 + . . .

where EGS is the classical ground state energy, Hn con-
tains n-th order boson creation(annihilation) operator
polynomials. In fact H1 identically vanishes. H2 gives
the quadratic (or so-called ‘linear’) spin wave theory.

H2 =
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for high static field 
copper moment per site = 

Constraint on the classical ground states 
(via transfer matrix method) leads to
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B. Comparison with 51V NMR in Volborthite

We have already noted that in contrast to classi-
cal ground states on the isotropic Kagomé lattice, all
ground states on the distorted Kagomé lattice are dis-
connected from one another, and require moving an in-
finite number of spins. Within a semi-classical view-
point, large kinetic barriers separating the distorted
Kagomé ground states might lead to freezing at low
temperatures. Interestingly, low temperature NMR
experiments18 on Volborthite indicate spin freezing be-
low 1.5K(∼ J/60)19, but no such freezing is observed in
the isotropic Herbertsmithite20,21,22,23. It is tempting to
attribute this difference in behavior to the difference in
connectivity of classical ground states in the two cases.
The vanadium atoms occupy the hexagon centers of the
Kagomé lattice, and are hence coupled to six spin 1/2 Cu
moments. Experimentally, on cooling through the glass
transition temperature there is a rapid rise of 1/T1, and
at lower temperatures two distinct local environments
for the 51V sites appear, a higher static field environ-
ment (rectangular lineshape) estimated to involve 20% of
spins, and a lower field environment (gaussian lineshape)
for the remainder. We assume that the glassy state lo-
cally resembles certain classical ground state. Then a
volume average of a local quantity in the glassy state
corresponds to an ensemble average over classical ground
states. Of relevance to the NMR experiments here is
the distribution of exchange fields at the 51V site, aris-
ing from spin configurations on the hexagons. For the
nearly isotropic case α ≈ 1, three different field values
(H) are possible, H ≈ 3Hcu, H ≈

√
3HCu and H ≈ 0,

where HCu is the field from a single spin. For example,
the first corresponds to a local

√
3 ×

√
3 pattern with

staggered chirality. We need to calculate the probabil-
ity to find these different fields. The authors of Ref. 18
attempted this for the local

√
3 ×

√
3 pattern, but their

estimate did not include any constraint on the chirality
variables which completely modifies the answers. In Ap-
pendix A we describe how the transfer matrix method
can be used to calculate the probability for the distorted
Kagomé ground states in the thermodynamic limit. The
probability of obtaining the 3Hcu exchange field vanishes,
while that of the

√
3HCu is 25% and of the approximately

zero field configuration is 75%. This is roughly consistent
with the experimental observation, but implies a revised
value for the local moment that was obtained in Ref. 18
which assumed a local field of 3HCu. Hence we antici-
pate a copper moment per site of 0.4 ×

√
3 = 0.7 of the

full moment, for small anisotropy. If the anisotropy is
significant, the local field also changes, with the previous√

3HCu →
√

(5α − 2)/α3HCu and the zero field values
now being |2 − 2α−1|HCu (with 50% probability) and
α−2|α−1|HCu (with 25% probability). This allows us to
give an upper bound for the anisotropy (that has not yet
been experimentally determined), by requiring the local
moment be less than unity, which gives α < 1.6.
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where EGS is the classical ground state energy, Hn con-
tains n-th order boson creation(annihilation) operator
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the quadratic (or so-called ‘linear’) spin wave theory.
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Summary
Distorted Kagome Lattice

Classical Heisenberg model:
sub-extensive degeneracy of the classical ground states

much less connected than the isotropic case; glassy behavior ?
thermal fluctuations favor 

Chirality Stripe state

Quantum spin-1/2 Heisenberg model

singlet ground state with a spin gap; 
spin liquid ?
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FIG. 1: A L × L (L = 2) distorted Kagomé lattice. e1, e2, e3

are three lattice translation vectors. The exchange constant
J for bonds along the e2 and e3 directions are equal, but
different from J ′ = αJ , the exchange constant for bonds
along the e1 direction. For Volborthite, it is believed that
α > 1. Γ, M, K are high symmetry points in the Brillouin
zone (BZ). The proposed spin-ordered state has alternating
positive/negative chirality stripes and Fourier components at
Γ- and M-points in BZ. Dashed rectangle is the reduced BZ
for the doubled magnetic unit cell.

of α. Then the 3-state Potts model description for the
coplanar ground states of the isotropic Kagomé case does
not work for the distorted Kagomé lattice.

A special case is α < 1/2. In this case there is no way
that the ‘cluster spin’ can be zero and the classical ground
state is a collinear state with A-site spin anti-parallel to
B(C)-site spin (Fig. 2). Thus, for α ≤ 1/2, the classi-
cal ground state is collinear and there is no degeneracy
except a global spin rotation. Notice that the lattice be-
comes bipartite (not frustrated) in the limit α = 0. This
classical consideration shows that the frustration of BC
bonds is ineffective for nonzero α ≤ 1/2. Later we will
see from exact diagonalization study that this naive clas-
sical picture survives in quantum regime. The classical
collinear state has a macroscopic net moment and is a
‘ferrimagnetic’ state.

For α > 1/2 case we expect that coplanar classical
ground states are favored by thermal or quantum fluctu-
ations, and there will be zero energy band(s) for the O(n)
model with n ≥ 3, because the Hamiltonian in Eqn. (1)
can be written as a sum of squares of ‘cluster spins’16.
Then it is convenient to utilize the chirality variables used
in the isotropic Kagomé model13. The chirality variables
are Ising variables living at the centers of triangles, thus
forming a honeycomb lattice. The positive or negative
chirality variable represents the cluster of three spins on
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FIG. 2: Ground states of a single triangle (θ0 =
arccos(−1/2α)), definition of chirality variables, and con-
straint on the six chirality variables for the distorted Kagomé
model, on a single hexagon of the honeycomb chirality lattice.
ABCDEF are six spin sites used to calculate the effective chi-
rality interactions.

a triangle rotating counter-clockwise or clockwise when
one goes from A- to B- then to C-site, or SA × (SB−SC)
pointing toward the +z or −z direction, assuming all
spins lie in the x − y plane (Fig. 2).

It should be emphasized that the chirality variables
are not independent. They determine how spin rotates
(counter-clockwise or clockwise) when one walks along
a bond, but after walking along a closed loop on the
lattice the spin should go back to the initial direction.
We need only to consider length-six hexagonal loops on
the (distorted) Kagomé lattice. Each one of these loops
will impose a constraint on the six chirality variables η
in the corresponding hexagon in the honeycomb chirality
lattice (Fig. 2),

η1(2θ0)−η2θ0−η3θ0+η4(2θ0)−η5θ0−η6θ0 = 0 mod 2π
(2)

For the isotropic Kagomé antiferromagnet, θ0 = 2π/3
and the constraint simplifies to

∑6
i=1 ηi = ±6 or 0. There

are 22 allowed patterns on a single hexagon out of 26 = 64
combinations. For the distorted Kagomé model, θ0 is in-
commensurate to 2π and the constraint is more restric-
tive:

∑6
i=1 ηi = ±6 or,

∑6
i=1 ηi = 0 and η1 + η4 = 0.

The last equation is the new constraint compared to the
isotropic Kagomé lattice. Note, this constraint holds for
all α %= 1, so long as a coplanar ground state is favored,
i.e. α > 1/2. There are only 14 allowed patterns on a
single hexagon. For the fully distorted Kagomé lattice,
the constraint is even more restrictive:

∑6
i=1 ηi = ±6 or,

η1 + η4 = η2 + η5 = η3 + η6 = 0. There are only 10
allowed patterns on a single hexagon.

F. Wang, A. Vishwanath, Y. B. Kim, Phys. Rev. B 76, 094421(2007)



Three-dimensional S=1/2 Frustrated Magnet
 has a Hyper-Kagome sublattice of Ir ions
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Spin Liquid State in S = 1/2 Hyper-Kagomé Antiferromagnet Na4Ir3O8

Yoshihiko Okamoto1,∗, Minoru Nohara2, Hiroko Aruga-Katori1, and Hidenori Takagi1,2

1RIKEN (The Institute of Physical and Chemical Research),
2-1 Hirosawa, Wako, Saitama 351-0198, Japan

2Department of Advanced Materials,
University of Tokyo and CREST-JST,

5-1-5 Kashiwanoha, Kashiwa, Chiba 277-8581, Japan

(Dated: May 19, 2007)

A spinel related oxide, Na4Ir3O8, was found to have a three dimensional network of corner shared
Ir4+ (t2g

5) triangles. This gives rise to an antiferromagnetically coupled S = 1/2 spin system formed
on a geometrically frustrated hyper-Kagomé lattice. Magnetization M and specific heat C data
showed the absence of long range magnetic ordering at least down to 2 K. The large magnetic specific
heat at low temperatures, which shows a power law decay with temperature and is independent
of applied magnetic field up to 12 T, is in striking parallel to those of triangular and kagomé
antiferromagnets reported to have a spin liquid ground state. These results strongly suggest that
the ground state of Na4Ir3O8 is a spin liquid.

PACS numbers: Valid PACS appear here

Experimental realization of a quantum spin liquid in
geometrically frustrated magnets has been one of the
biggest challenges in the field of magnetism since P. W.
Anderson proposed resonating valence bond theory [1] for
antiferromagnetically coupled S = 1/2 spins on a trian-
gular lattice. Geometrical frustration in magnets arises
from the incompatibility of local spin-spin interactions,
which gives rise to macroscopic degeneracy of the ground
state. Possible playgrounds for this include triangular,
kagomé, pyrochlore and garnet lattices essentially con-
sisting of networks of triangles. In real materials, how-
ever, it is not easy to prevent spin ordering at substan-
tially lower temperatures than the Curie-Weiss temper-
ature θW, the mean field transition temperature. This
is because the spin degeneracy can be lifted by coupling
with the other degrees of freedom such as the orbitals,
lattice and charges. Such an interplay between the frus-
trated spins, orbitals and lattices, for example, can be
found in a trimer singlet formation in the S = 1 trian-
gular LiVO2 [2, 3] with orbital ordering or a spin-Jahn-
Teller transition in the S = 3/2 pyrochlore ZnCr2O4 [4].
In addition, only a minute amount of disorder is known
to strongly influence the spin liquid state in geometri-
cally frustrated magnets and very often gives rise to a
formation of a glassy state of spins.

The most likely candidate for the realization of a spin
liquid ground state had been the two dimensional kagomé
antiferromagnet SrCr9pGa12−9pO19 (S = 3/2) [5, 6]. It
does not show any evidence for long range ordering down
to the lowest temperature ∼ 100 mK, and a large and field
independent magnetic specific heat was observed which
was ascribed to spin liquid contributions. Nevertheless,
the strong spin glass-like behavior at low temperatures,
very likely due to site disorder, gives us certain ambigu-
ity in identifying the spin-liquid state. Recently, a new
generation of spin liquid compounds has emerged, the S
= 1/2 triangular magnet κ-(ET)2Cu2(CN)3 [7], an or-

ganic Mott insulator, and the S = 1 triangular magnet
NiGa2S4 [8]. They were reported to have a spin liquid
ground state or at least a robust liquid phase down to
100 mK. Their magnetic and thermal properties are in
striking parallel to those of SrCr9pGa12−9pO19 but the
disorder effect appears much less.

Here we report on a three dimensional analogue of
these two dimensional spin liquids. Na4Ir3O8 was first
reported as an unidentified phase in the Na-Ir-O ternary
system by McDaniel [9]. We found that it is isostructural
to Na4Sn3O8 [10] and that a S = 1/2 hyper-Kagomé
system, consisting of low spin d5 Ir4+ ions, is realized
in Na4Ir3O8. The magnetization and specific heat mea-
surements on the ceramic samples indicate that S = 1/2
spins are highly frustrated and remain in a liquid state
down to the lowest temperature measured.

Polycrystalline samples of Na4Ir3O8 were prepared
by a solid-state reaction. Stoichiometric amounts of
Na2CO3 and IrO2 were mixed, and the mixture was cal-
cined at 750◦C for 18 h. We added 5 % excess of Na2CO3

to compensate the loss of Na during the calcination. The
product was finely ground, pressed into a pellet, sintered
at 1020◦C for 22 h on gold foil, and then quenched in
air. Powder X-ray diffraction (XRD) data showed that
the powders were single phase. The crystal structure was
determined by performing Rietveld analysis on the pow-
der XRD data using RIETAN-2000 program [11]. Ther-
modynamic and magnetic properties were measured by a
Physical Properties Measurement System (PPMS, Quan-
tum Design) and a Magnetic Properties Measurement
System (MPMS, Quantum Design).

We were able to refine the powder XRD pattern with
the cubic Na4Sn3O8 structure (P4132 or P4332) [10].
The result of refinement is summarized in table I and Fig.
1 (b). The structure of Na4Ir3O8, shown in Fig. 1 (a), is
derived from those of spinel oxides (AB2O4), which can
be intuitively demonstrated by rewriting the chemical

 Pyrochlore  Hyper-Kagome

 3/4 Ir, 1/4 Na

 Ir  Na

 Ir   4+   (5d  ) 5  

 All Ir-Ir bonds are equivalent

carries S=1/2 moment (low spin state)

Y. Okamoto, M. Nohara, H. Agura-Katrori, and H. Takagi, arXiv:0705.2821 (2007)
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Classical antiferromagnet on a hyper-kagome lattice

John M. Hopkinson,1 Sergei V. Isakov,1 Hae-Young Kee,1 and Yong Baek Kim1, 2

1Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada
2Department of Physics, University of California, Berkeley, California 94720

(Dated: November 8, 2006)

Motivated by the recent experiment on Na4Ir3O8 [1], we study the classical antiferromagnet on a
frustrated three-dimensional lattice obtained by selectively removing one of four sites in each tetra-
hedron of the pyrochlore lattice. This “hyper-kagome” lattice consists of corner-sharing triangles.
We present the results of large-N mean field theory and Monte Carlo computations on O(N) classical
spin models. It is found that the classical ground states are highly degenerate. Nonetheless a ne-
matic order emerges at low temperatures in the Heisenberg model (N = 3) via “order by disorder”,
representing the dominance of coplanar spin configurations. Implications for future experiments are
discussed.

PACS numbers: 75.10.Hk, 75.50.Ee, 75.40.Cx

Antiferromagnets on geometrically frustrated lattices
often possess macroscopically degenerate classical ground
states that satisfy peculiar local constraints imposed by
the underlying lattice structure [2]. Such highly degener-
ate systems are extremely sensitive to thermal and quan-
tum fluctuations, and thereby intriguing classical and
quantum ground states may emerge via “order by dis-
order” [3]. On the other hand, the system may remain
disordered even at zero temperature [4]. These paramag-
netic states are called spin liquid phases and their clas-
sical and quantum varieties have been recent subjects of
intensive theoretical and experimental research activities
[2].

Among several examples of two and three-dimensional
frustrated magnets, the kagome and pyrochlore lattices
have obtained particular attention because a relatively
large number of materials with the magnetic ions sit-
ting on these lattice structures are available [2]. Both
of these lattices are corner-sharing structures of a basic
unit; the triangle and tetrahedron respectively. Despite
this similarity, the classical Heisenberg magnet orders on
the kagome lattice [5, 6] while it remains disordered on
the pyrochlore lattice [7]. The nature of the spin-1/2
quantum Heisenberg magnets on these lattices has not
been settled and remains an important open problem
[8, 9]. On the other hand, spin-1/2 systems are rare on
these lattices and other degrees of freedom such as lat-
tice distortions may play an important additional role.
As a result, direct experimental tests on spin-1/2 quan-
tum magnets have been difficult to realize.

In this context, the recent experiments on Na4Ir3O8 [1]
may provide an important clue on these issues, albeit in a
different three-dimensional frustrated lattice. Here Ir4+

carries spin-1/2 as the five d-electrons form a low spin
state in the t2g level. The Ir and Na ions together occupy
the sites of the pyrochlore lattice such that only three of
the four sites of each tetrahedron are occupied by Ir. The
resulting lattice of magnetic Ir is a network of corner-
sharing triangles as shown in Fig. 1, where each triangle

FIG. 1: (color online). The hyper-kagome lattice. The thin
lines show the underlying pyrochlore lattice.

is derived from different faces of the tetrahedra. In anal-
ogy to the kagome lattice in two-dimensions, it is called
the hyper-kagome lattice. Even though the Curie-Weiss
temperature is large, θW = −650K, the susceptibility
and specific heat show no sign of magnetic ordering, nor
lattice distortion, down to T ∼ |θW |/200 [1]; suggesting
that it may be a spin liquid down to low temperatures.

In this paper, we study the classical antiferromagnet
on the hyper-kagome lattice. Such investigations would
not only reveal the behavior of the antiferromagnet in
the classical regime, but also provide an important start-
ing ground for the understanding of quantum fluctuation
effects. We first study the large-N limit of the O(N)
vector spin model at zero temperature and compute the
spin-spin correlation function in the large-N mean field
theory [10, 11]. It is found that there exist macroscopi-
cally degenerate ground states.

Then we perform large-scale Monte Carlo computa-
tions on the Ising (N = 1) and the Heisenberg (N = 3)
models. At temperatures T > Tn with Tn ∼ 10−3J , the
spin-spin correlation function in the Heisenberg model
(with the exchange coupling J) is very similar to that in
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.

2

!"

#$%

#&% '&()

!"()

'&*

!+,,-!+*,-

#.%

'&*

!"

/0
12
0
3/
14
5#
&"
6
75
8
0
/1
%

*-9*99:9)9+9-99

-!5;5<85="5#.2>"22%

'&+!",(: "?@5A5*-7*)5B

"C5A5D7+95B

#5A5*7+D

#6%

FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6
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indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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FIG. 1: (a) Crystal structure of Na4Ir3O8 with the space
group P4132. Among the three Na sites, only Na1 site is
shown for clarity. Black and gray octahedra represent IrO6

and Na1O6 respectively. The spheres inside the octahedra
represent Ir and Na atoms and oxygens occupy all the corners.
(b) The X-ray diffraction pattern of Na4Ir3O8 at room tem-
perature. The crosses indicate the raw data and the solid line
indicates that calculated based on the refinement. (c) Hyper-
Kagomé Ir and Na sublattice derived from the structure of
Na4Ir3O8 with the space group P4132, shown in (a). (d) Ir
and Na sublattice derived from the structure of Na4Ir3O8 with
the space group P4332.

TABLE I: Atomic parameters obtained by refining X-ray pow-
der diffraction for Na4Ir3O8 at room temperature with a space
group P4132. The cubic lattice constant is a = 8.985 Å. g of
Na2 and Na3 are fixed to 0.75 according to Ref. [10].

x y z g B (Å)
Ir 12d 0.61456(7) x + 1/4 5/8 1.00 0.15

Na1 4b 7/8 7/8 7/8 1.00 2.6
Na2 4a 3/8 3/8 3/8 0.75 2.6
Na3 12d 0.3581(8) x + 1/4 5/8 0.75 2.6
O1 8c 0.118(11) x x 1.00 0.6
O2 24e 0.1348(9) 0.8988(8) 0.908(11) 1.00 0.6

formulae as (Na1.5)1(Ir3/4, Na1/4)2O4. The B-sublattice
of spinel oxides forms the so-called pyrochlore lattice, a
network of corner shared tetrahedra. In Na4Ir3O8, each
tetrahedron in the B-sublattice is occupied by three Ir
and one Na (Na1). These Ir and Na atoms form an in-
triguing ordering pattern as shown in Fig. 1 (c), giv-
ing rise to a network of corner shared Ir triangles, called
hyper-Kagomé lattice. All the Ir sites and Ir-Ir bonds are
equivalent and, therefore, strong geometrical frustration
is anticipated. Hyper-Kagomé is also realized in the A-
sublattice of the garnet A3B5O12 but distorted. It might
be interesting to infer here that there exists a chirality
in this hyper-Kagomé lattice and that the two structures
P4132 (Fig. 1 (c)) and P4332 (Fig. 1 (d)) have different
degenerate chiralities. Na1.5 in Na1.5(Ir3/4, Na1/4)2O4

occupies the octahedral A site rather than the tetrahe-
dral A site normally occupied in a conventional spinel
structure [10]. We refined the structure by assuming two
Na sites, Na2 and Na3, in AO6 octahedra with 75 %
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FIG. 2: Temperature dependence of the inverse magnetic sus-
ceptibility χ−1 under 1 T (a), magnetic specific heat Cm

divided by temperature T (b) and magnetic entropy Sm

(c) of polycrystalline Na4Ir3O8. To estimate Cm, data for
Na4Sn3O8 is used as a reference of the lattice contribution.
Inset: (a) Temperature dependence of magnetic susceptibil-
ity χ of Na4Ir3O8 in various fields up to 5 T. For clarity, the
curves are shifted by 3, 2 and 1 × 10−4 emu/mol Ir for 0.01,
0.1 and 1 T data respectively. (b) Cm/T vs T of Na4Ir3O8

in various fields up to 12 T. Broken lines indicate Cm propor-
tional to T 2 and T 3 respectively.

occupation following Ref. [10]. There remains a certain
ambiguity in the refinement of the Na2 and Na3 sites
because of the small scattering factor compared with Ir.

Ir in this compound is tetravalent with five electrons
in 5d orbitals. Because of the octahedral coordination
with oxygens and the large crystal field splitting effect
expected for 5d orbitals, it is natural for Ir4+ to have a
low spin (t2g

5) state with S = 1/2. The electrical resistiv-
ity ρ of a ceramic sample at room temperature was ∼ 10
Ωcm, followed by a thermally activated increase with an
activation energy of 500 K with decreasing temperature.
Considering that all Ir is equivalent, Na4Ir3O8 should be
a S = 1/2 Mott insulator formed on a hyper-Kagomé
lattice.

The temperature dependent magnetic susceptibility
χ(T ), shown in Fig. 2 (a), indicates that Na4Ir3O8 is
indeed a frustrated S = 1/2 system with a strong anti-
ferromagnetic interaction. In the χ−1 vs T plot in Fig.
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Classical Model

2

FIG. 2: Contour plots of the structure factor in the [hhl]
plane. Left panel: large-N theory at zero temperature. Right
panel: Monte Carlo simulations at T/J = 1/200 and L = 8.
Axes range from −4π to 4π and both plots are at the same
resolution.

the large-N model. It also shows a characteristic dipolar
structure in the reciprocal space, which can be explained
by a mapping to a gauge theory [11, 12]. On the other
hand, the spin correlations in the Ising (N = 1) model
turn out to be quite different.

Most interestingly, the Heisenberg model develops a
long range nematic order at low temperatures T < Tn.
As explained below, this nematic order emerges via an
“order by disorder” effect and represents the dominance
of coplanar spin configurations. No evidence of magnetic
ordering is found down to T ∼ Tn while our numerical
data cannot definitely confirm the presence/absence of a
magnetic order below Tn. We have also investigated the
effect of an external magnetic field, h, and found that a
collinear order is chosen when h = 2J in analogy to a
similar study on the Kagome lattice [13].

The lattice and local constraints.—The hyper-kagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyper-kagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
would satisfy S∆ = 0 for every triangle while the con-
straint on the Ising model would be S∆ = ±1. Thus,
from the outset, one may expect that the physics of the
larger-N models would be different from the Ising case.
This is in fact different from the antiferromagnet on the
pyrochlore lattice where the Ising and Heisenberg models
satisfy the same constraint.

Large-N mean field theory.—Following Refs. 10, 11, we
rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·Sj , where

Mij is the interaction matrix that has the information
about the nearest-neighbor interaction. The correspond-
ing partition function is given by Z =

∫

Dφ Dλ e−S(φ,λ)

with the action

S(φ, λ) =
∑

i,j

[

1

2
Mijφi · φj +

λi

2
δij(φi · φi − N)

]

,

(2)
where φi is an N -component real vector field and λi the
Lagrange multiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q
φq,µ · φq,ν with

Aµν
q = Mµν

q + δµνλ0. Here λ0 and the eigenvalues, mq,ρ,
of the 12 × 12 interaction matrix Mµν

q
are determined

by the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

These solutions are exact in the N → ∞ limit.
It is found that the lowest eigenvalue is four-fold de-

generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
the magnetic ordering is suppressed. The static spin-
spin correlation function can be computed via [10, 11]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ · S−q,ν〉, in the [hhl] plane of
the reciprocal space is shown in Fig. 2. The presence
of high intensity along the bow-tie structures is apparent
and qualitatively similar to those found in the pyrochlore
lattice. As discussed below, the structure factor in the
large-N limit is very similar to that found by Monte Carlo
for the Heisenberg model (N = 3) above the nematic or-
dering transition temperature, but quite different from
the Ising (N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (3)

where rij is the vector connecting two sites i and j, and
α, β = x, y, z. The “dipolar vectors” ei are shown in
Fig. 3.

In analogy to the pyrochlore [11], we may understand
the spin correlations in this system by mapping to a pure

Si · Si = N
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(a) (b)

FIG. 2: Contour plots of the structure factor in the [hhl]
plane. (a) large-N theory at zero temperature. (b) Monte
Carlo simulations at T/J = 1/100 and L = 8. Axes range
from −4π to 4π and both plots are at the same resolution.

J) remains disordered down to quite low temperatures,
exhibiting very similar spin-spin correlations to those of
the large-N model. These correlations show a character-
istic dipolar structure in the reciprocal space, which can
be explained by a mapping to a gauge theory [15, 16]. On
the other hand, the spin correlations in the Ising (N = 1)
model turn out to be quite different.

Most interestingly, a first order transition to a long
range nematic order is observed in the Heisenberg model
at a finite temperature. As explained below, this nematic
order emerges via an “order by disorder” effect and rep-
resents the dominance of coplanar spin configurations. In
the disordered phase no evidence of magnetic ordering is
found while our numerical data cannot definitely confirm
the presence/absence of magnetic order at temperatures
below the onset of nematic order. We have also inves-
tigated the effect of an external magnetic field, h, and
found that a collinear order is chosen when h = 2J in
analogy to a similar study on the kagome lattice [17].

The lattice and local constraints.—The hyperkagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyperkagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
satisfies S∆ = 0 for every triangle while the constraint on
the Ising model is S∆ = ±1. Thus, from the outset, one
may expect that the physics of the larger-N models would
be different from the Ising case. This is different from the
antiferromagnet on the pyrochlore lattice where the Ising
and Heisenberg models satisfy the same constraint.

Large-N mean field theory.—Following Refs. 14, 15,
we rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·
Sj , where Mij is the interaction matrix that has
the information about the nearest-neighbor interac-
tion. The corresponding partition function is given by
Z =

∫

Dφ Dλ e−S(φ,λ) with the action S(φ, λ) =
∑

i,j

[

1
2Mijφi · φj + λi

2 δij(φi · φi − N)
]

, where φi is an
N -component real vector field and λi the Lagrange mul-
tiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q φq,µ · φq,ν with
Aµν

q
= Mµν

q
+ δµνλ0. Here λ0 and the eigenvalues, mq,ρ,

of the 12×12 interaction matrix Mµν
q

are determined by

the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

It is found that the lowest eigenvalue is four-fold de-
generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
that magnetic order is suppressed. The static spin-
spin correlation function can be computed via [14, 15]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ ·S−q,ν〉, in the [hhl] plane of the
reciprocal space is shown in Fig. 2. The presence of high
intensity along bow-tie structures is apparent and qual-
itatively similar to that found on the pyrochlore lattice.
As discussed below, the structure factor in the large-N
limit is very similar to that found by Monte Carlo for the
Heisenberg model (N = 3) above the nematic ordering
transition temperature, but quite different from the Ising
(N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (2)

where rij is a vector connecting sites i and j, and α, β =
x, y, z. The “dipolar vectors” ei are shown in Fig. 3.

In analogy to the pyrochlore [15], we may understand
the spin correlations in this system by mapping to a pure
Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyperkagome lattice;
the sites on the hyperkagome lattice should be placed on

N-component spins with fixed length N
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FIG. 2: Contour plots of the structure factor in the [hhl]
plane. Left panel: large-N theory at zero temperature. Right
panel: Monte Carlo simulations at T/J = 1/200 and L = 8.
Axes range from −4π to 4π and both plots are at the same
resolution.

the large-N model. It also shows a characteristic dipolar
structure in the reciprocal space, which can be explained
by a mapping to a gauge theory [11, 12]. On the other
hand, the spin correlations in the Ising (N = 1) model
turn out to be quite different.

Most interestingly, the Heisenberg model develops a
long range nematic order at low temperatures T < Tn.
As explained below, this nematic order emerges via an
“order by disorder” effect and represents the dominance
of coplanar spin configurations. No evidence of magnetic
ordering is found down to T ∼ Tn while our numerical
data cannot definitely confirm the presence/absence of a
magnetic order below Tn. We have also investigated the
effect of an external magnetic field, h, and found that a
collinear order is chosen when h = 2J in analogy to a
similar study on the Kagome lattice [13].

The lattice and local constraints.—The hyper-kagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyper-kagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
would satisfy S∆ = 0 for every triangle while the con-
straint on the Ising model would be S∆ = ±1. Thus,
from the outset, one may expect that the physics of the
larger-N models would be different from the Ising case.
This is in fact different from the antiferromagnet on the
pyrochlore lattice where the Ising and Heisenberg models
satisfy the same constraint.

Large-N mean field theory.—Following Refs. 10, 11, we
rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·Sj , where

Mij is the interaction matrix that has the information
about the nearest-neighbor interaction. The correspond-
ing partition function is given by Z =

∫

Dφ Dλ e−S(φ,λ)

with the action

S(φ, λ) =
∑

i,j

[

1

2
Mijφi · φj +

λi

2
δij(φi · φi − N)

]

,

(2)
where φi is an N -component real vector field and λi the
Lagrange multiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q
φq,µ · φq,ν with

Aµν
q = Mµν

q + δµνλ0. Here λ0 and the eigenvalues, mq,ρ,
of the 12 × 12 interaction matrix Mµν

q
are determined

by the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

These solutions are exact in the N → ∞ limit.
It is found that the lowest eigenvalue is four-fold de-

generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
the magnetic ordering is suppressed. The static spin-
spin correlation function can be computed via [10, 11]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ · S−q,ν〉, in the [hhl] plane of
the reciprocal space is shown in Fig. 2. The presence
of high intensity along the bow-tie structures is apparent
and qualitatively similar to those found in the pyrochlore
lattice. As discussed below, the structure factor in the
large-N limit is very similar to that found by Monte Carlo
for the Heisenberg model (N = 3) above the nematic or-
dering transition temperature, but quite different from
the Ising (N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (3)

where rij is the vector connecting two sites i and j, and
α, β = x, y, z. The “dipolar vectors” ei are shown in
Fig. 3.

In analogy to the pyrochlore [11], we may understand
the spin correlations in this system by mapping to a pure
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Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyper-kagome lattice;
the sites on the hyper-kagome lattice should be placed
on the bonds of the dual lattice. This dual lattice can
be obtained by connecting centers of the tetrahedra of
the underlying pyrochlore lattice, but only along the di-
rections that would pass through the sites of the hyper-
kagome lattice. Then there exists a unique bond κ (on
the dual lattice) for a given site i. Let us define e′κ as the
unit vector along the bond κ (see Fig. 3). We now define
N number of “magnetic” vector fields bα

κ along the bond
κ via bα

κ = Sα
κ eκ, where Sα

κ and eκ represent the spin
and unit vector defined earlier on the hyper-kagome lat-
tice. Notice that the direction of these “magnetic” vector
fields is not along e′κ. Nonetheless the “magnetic” vector
fields satisfy Div bα =

∑

κ e′κ · bα
κ =

∑

κ e′κ · eκSα
κ = 0

on the dual lattice. This is a direct consequence of the
constraint

∑

iε∆ Sα
i = 0 and e′κ · eκ =

√

2/3 for all κ.
We now define coarse grained “magnetic” vector fields,

Bα, averaged over clusters of spins [11, 12]. Notice that
there exist many “flippable” spin configurations where
local rearrangement of the spins in a cluster can be made
without violating the constraints. The coarse-grained
field over such “flippable” spin configurations will average
out to a small value. Then the large entropic weight is re-
lated to the small values of Bα. This feature can be repre-
sented by an entropic weight of the form exp(−K

2

∫

drB2)
[11, 12]. This Maxwellian form of the “action” and the
“Gauss law” constraint will lead to the dipolar form of
〈Bα

i (r)Bβ
j (0)〉 ∝ δαβ(3xixj − r2δij)/r5, and hence the

spin-spin correlation function in Eq. 3. The discovery of
such spin correlations supports the entropic argument a
posteriori.

Monte Carlo simulations.—Classical Monte Carlo sim-
ulations for the Heisenberg (N = 3) and Ising (N = 1)
models are performed on L×L×L number of unit cells.
We mostly discuss the results of the Heisenberg model
here and mention those of the Ising model only when it
is necessary. In the first place, a first-order transition
occurs at T = Tn ∼ 10−3J in the Heisenberg model.
This can be most clearly seen in the nematic correlation
function defined as [5]

g(ra − rb) =
3

2
〈(na · nb)

2〉 −
1

2
, (4)
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FIG. 4: (color online). The nematic correlation function for
the next-nearest neighbor triangles.
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divided by temperature. In the T → 0 limit, this quantity
approaches 11/12 and equals the specific heat.

na =
2

3
√

3
(S1 × S2 + S2 × S3 + S3 × S1),

where S1, S2, and S3 are three spins on the triangle a.
g(r) = 1 in an ideal coplanar state and g(r) = 0 in a non-
coplanar state. The nematic correlation function for the
next-nearest neighbors is shown in Fig. 4 and it clearly
shows a first order transition from a low temperature ne-
matic ordered state to a disordered state at Tn ∼ 10−3J ;
coplanar configurations are chosen below Tn via “order
by disorder”. Similar behavior is seen for the nearest-
neighbor and all higher-neighbor correlations. The en-
ergy and specific heat data are also consistent with the
first order transition at Tn (see Fig. 5). Notice that all
the Monte Carlo data for the two largest system sizes
L = 6 and L = 8 are almost identical. The zero temper-
ature specific heat approaches 11/12 per spin and it is
consistent with the expectation that the low temperature
phase is dominated by coplanar spin structures. Analy-
sis about coplanar states tells us that there are 4 quartic
and 20 quadratic modes per unit cell. Since each quar-
tic (quadratic) mode contributes 1/4(1/2) to the specific
heat [5], the total specific heat becomes 11/12 per spin.
Interestingly the same zero temperature specific heat was
obtained in the Heisenberg model on the kagome lattice
[5]. The crucial difference between two cases, however,
is that the nematic order on the hyper-kagome lattice is
long-ranged at finite temperatures while it becomes long-
ranged only in the T → 0 limit on the kagome lattice [5].

On the other hand, no magnetic order is seen down
to Tn as we do not find any elastic peaks in the spin
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Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyper-kagome lattice;
the sites on the hyper-kagome lattice should be placed
on the bonds of the dual lattice. This dual lattice can
be obtained by connecting centers of the tetrahedra of
the underlying pyrochlore lattice, but only along the di-
rections that would pass through the sites of the hyper-
kagome lattice. Then there exists a unique bond κ (on
the dual lattice) for a given site i. Let us define e′κ as the
unit vector along the bond κ (see Fig. 3). We now define
N number of “magnetic” vector fields bα

κ along the bond
κ via bα

κ = Sα
κ eκ, where Sα

κ and eκ represent the spin
and unit vector defined earlier on the hyper-kagome lat-
tice. Notice that the direction of these “magnetic” vector
fields is not along e′κ. Nonetheless the “magnetic” vector
fields satisfy Div bα =

∑

κ e′κ · bα
κ =

∑

κ e′κ · eκSα
κ = 0

on the dual lattice. This is a direct consequence of the
constraint

∑

iε∆ Sα
i = 0 and e′κ · eκ =

√

2/3 for all κ.
We now define coarse grained “magnetic” vector fields,

Bα, averaged over clusters of spins [11, 12]. Notice that
there exist many “flippable” spin configurations where
local rearrangement of the spins in a cluster can be made
without violating the constraints. The coarse-grained
field over such “flippable” spin configurations will average
out to a small value. Then the large entropic weight is re-
lated to the small values of Bα. This feature can be repre-
sented by an entropic weight of the form exp(−K

2

∫

drB2)
[11, 12]. This Maxwellian form of the “action” and the
“Gauss law” constraint will lead to the dipolar form of
〈Bα

i (r)Bβ
j (0)〉 ∝ δαβ(3xixj − r2δij)/r5, and hence the

spin-spin correlation function in Eq. 3. The discovery of
such spin correlations supports the entropic argument a
posteriori.

Monte Carlo simulations.—Classical Monte Carlo sim-
ulations for the Heisenberg (N = 3) and Ising (N = 1)
models are performed on L×L×L number of unit cells.
We mostly discuss the results of the Heisenberg model
here and mention those of the Ising model only when it
is necessary. In the first place, a first-order transition
occurs at T = Tn ∼ 10−3J in the Heisenberg model.
This can be most clearly seen in the nematic correlation
function defined as [5]

g(ra − rb) =
3

2
〈(na · nb)
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FIG. 4: (color online). The nematic correlation function for
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FIG. 5: (color online). The energy E(T )−E(T = 0) per spin
divided by temperature. In the T → 0 limit, this quantity
approaches 11/12 and equals the specific heat.

na =
2

3
√

3
(S1 × S2 + S2 × S3 + S3 × S1),

where S1, S2, and S3 are three spins on the triangle a.
g(r) = 1 in an ideal coplanar state and g(r) = 0 in a non-
coplanar state. The nematic correlation function for the
next-nearest neighbors is shown in Fig. 4 and it clearly
shows a first order transition from a low temperature ne-
matic ordered state to a disordered state at Tn ∼ 10−3J ;
coplanar configurations are chosen below Tn via “order
by disorder”. Similar behavior is seen for the nearest-
neighbor and all higher-neighbor correlations. The en-
ergy and specific heat data are also consistent with the
first order transition at Tn (see Fig. 5). Notice that all
the Monte Carlo data for the two largest system sizes
L = 6 and L = 8 are almost identical. The zero temper-
ature specific heat approaches 11/12 per spin and it is
consistent with the expectation that the low temperature
phase is dominated by coplanar spin structures. Analy-
sis about coplanar states tells us that there are 4 quartic
and 20 quadratic modes per unit cell. Since each quar-
tic (quadratic) mode contributes 1/4(1/2) to the specific
heat [5], the total specific heat becomes 11/12 per spin.
Interestingly the same zero temperature specific heat was
obtained in the Heisenberg model on the kagome lattice
[5]. The crucial difference between two cases, however,
is that the nematic order on the hyper-kagome lattice is
long-ranged at finite temperatures while it becomes long-
ranged only in the T → 0 limit on the kagome lattice [5].

On the other hand, no magnetic order is seen down
to Tn as we do not find any elastic peaks in the spin
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the bonds of the dual lattice. This dual lattice can be ob-
tained by connecting centers of the tetrahedra of the un-
derlying pyrochlore lattice, but only along the directions
that would pass through the sites of the hyperkagome
lattice. Then there exists a unique bond κ (on the dual
lattice) for a given site i. Let us define e′κ as the unit
vector along the bond κ (see Fig. 3). We now define N
number of “magnetic” vector fields bα

κ along the bond
κ via bα

κ = Sα
κ eκ, where Sα

κ and eκ represent the spin
and unit vector defined earlier on the hyperkagome lat-
tice. Notice that the direction of these “magnetic” vector
fields is not along e′κ. Nonetheless the “magnetic” vector
fields satisfy Div bα =

∑

κ e′κ · bα
κ =

∑

κ e′κ · eκSα
κ = 0

on the dual lattice. This is a direct consequence of the
constraint

∑

iε∆ Sα
i = 0 and e′κ · eκ =

√

2/3 for all κ.
We now define coarse grained “magnetic” vector fields,

Bα, averaged over clusters of spins [15, 16]. There exist
many “flippable” spin configurations where local rear-
rangement of the spins in a cluster can be made without
violating the constraints. The coarse-grained field over
such “flippable” spin configurations will average out to
a small value. Then the large entropic weight is related
to the small values of Bα. This feature can be repre-
sented by an entropic weight of the form exp(−K

2

∫

drB2)
[15, 16]. This Maxwellian form of the “action” and the
“Gauss law” constraint will lead to the dipolar form of
〈Bα

i (r)Bβ
j (0)〉 ∝ δαβ(3xixj − r2δij)/r5, and hence the

spin-spin correlation function in Eq. 2. The discovery of
such spin correlations supports the entropic argument a
posteriori.

Monte Carlo simulations.—Classical Monte Carlo sim-
ulations for the Heisenberg (N = 3) and Ising (N = 1)
models are performed on L×L×L clusters of unit cells.
We mostly discuss the results of the Heisenberg model
here and mention those of the Ising model only as neces-
sary. In the first place, a first-order transition occurs in
the Heisenberg model. This can be most clearly seen in
the nematic correlation function defined as [8]

g(ra − rb) =
3

2
〈(na · nb)

2〉 −
1

2
, (3)

and na = 2
3
√

3
(S1 × S2 + S2 × S3 + S3 × S1), where S1,

S2, and S3 are three spins on the triangle a. g(r) = 1 in
an ideal coplanar state and g(r) = 0 in a non-coplanar
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FIG. 4: (color online). The nematic correlation function
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state. The nematic correlation function for the next-
nearest neighbors is shown in Fig. 4 and it clearly shows
a first order transition from a low temperature nematic
ordered state to a disordered state. Hysteresis associ-
ated to this transition occurs in the temperature window
(1−5)×10−3J ; coplanar configurations are chosen below
this window via “order by disorder”. Similar behavior
is seen for the nearest-neighbor and all higher-neighbor
correlations. The energy and specific heat data are also
consistent with the first order transition to nematic or-
der (see Fig. 5). Notice that the Monte Carlo data for
the three largest system sizes L = 6, 8 and 9 are almost
identical. The zero temperature specific heat approaches
11/12 per spin which is consistent with the expectation
that the low temperature phase is dominated by coplanar
spin structures. Analysis about coplanar states tells us
that there are 4 quartic and 20 quadratic modes per unit
cell. Since each quartic (quadratic) mode contributes
1/4(1/2) to the specific heat [8], the total specific heat
becomes 11/12 per spin. Interestingly the same zero tem-
perature specific heat was obtained in the Heisenberg
model on the kagome lattice [8]. The crucial difference
between two cases, however, is that the nematic order on
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the bonds of the dual lattice. This dual lattice can be ob-
tained by connecting centers of the tetrahedra of the un-
derlying pyrochlore lattice, but only along the directions
that would pass through the sites of the hyperkagome
lattice. Then there exists a unique bond κ (on the dual
lattice) for a given site i. Let us define e′κ as the unit
vector along the bond κ (see Fig. 3). We now define N
number of “magnetic” vector fields bα

κ along the bond
κ via bα

κ = Sα
κ eκ, where Sα

κ and eκ represent the spin
and unit vector defined earlier on the hyperkagome lat-
tice. Notice that the direction of these “magnetic” vector
fields is not along e′κ. Nonetheless the “magnetic” vector
fields satisfy Div bα =

∑

κ e′κ · bα
κ =

∑

κ e′κ · eκSα
κ = 0

on the dual lattice. This is a direct consequence of the
constraint

∑

iε∆ Sα
i = 0 and e′κ · eκ =

√

2/3 for all κ.
We now define coarse grained “magnetic” vector fields,

Bα, averaged over clusters of spins [15, 16]. There exist
many “flippable” spin configurations where local rear-
rangement of the spins in a cluster can be made without
violating the constraints. The coarse-grained field over
such “flippable” spin configurations will average out to
a small value. Then the large entropic weight is related
to the small values of Bα. This feature can be repre-
sented by an entropic weight of the form exp(−K

2

∫

drB2)
[15, 16]. This Maxwellian form of the “action” and the
“Gauss law” constraint will lead to the dipolar form of
〈Bα

i (r)Bβ
j (0)〉 ∝ δαβ(3xixj − r2δij)/r5, and hence the

spin-spin correlation function in Eq. 2. The discovery of
such spin correlations supports the entropic argument a
posteriori.

Monte Carlo simulations.—Classical Monte Carlo sim-
ulations for the Heisenberg (N = 3) and Ising (N = 1)
models are performed on L×L×L clusters of unit cells.
We mostly discuss the results of the Heisenberg model
here and mention those of the Ising model only as neces-
sary. In the first place, a first-order transition occurs in
the Heisenberg model. This can be most clearly seen in
the nematic correlation function defined as [8]

g(ra − rb) =
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2
〈(na · nb)

2〉 −
1

2
, (3)

and na = 2
3
√

3
(S1 × S2 + S2 × S3 + S3 × S1), where S1,

S2, and S3 are three spins on the triangle a. g(r) = 1 in
an ideal coplanar state and g(r) = 0 in a non-coplanar
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(1−5)×10−3J ; coplanar configurations are chosen below
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is seen for the nearest-neighbor and all higher-neighbor
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der (see Fig. 5). Notice that the Monte Carlo data for
the three largest system sizes L = 6, 8 and 9 are almost
identical. The zero temperature specific heat approaches
11/12 per spin which is consistent with the expectation
that the low temperature phase is dominated by coplanar
spin structures. Analysis about coplanar states tells us
that there are 4 quartic and 20 quadratic modes per unit
cell. Since each quartic (quadratic) mode contributes
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derlying pyrochlore lattice, but only along the directions
that would pass through the sites of the hyperkagome
lattice. Then there exists a unique bond κ (on the dual
lattice) for a given site i. Let us define e′κ as the unit
vector along the bond κ (see Fig. 3). We now define N
number of “magnetic” vector fields bα

κ along the bond
κ via bα

κ = Sα
κ eκ, where Sα

κ and eκ represent the spin
and unit vector defined earlier on the hyperkagome lat-
tice. Notice that the direction of these “magnetic” vector
fields is not along e′κ. Nonetheless the “magnetic” vector
fields satisfy Div bα =
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κ = 0

on the dual lattice. This is a direct consequence of the
constraint
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√

2/3 for all κ.
We now define coarse grained “magnetic” vector fields,

Bα, averaged over clusters of spins [15, 16]. There exist
many “flippable” spin configurations where local rear-
rangement of the spins in a cluster can be made without
violating the constraints. The coarse-grained field over
such “flippable” spin configurations will average out to
a small value. Then the large entropic weight is related
to the small values of Bα. This feature can be repre-
sented by an entropic weight of the form exp(−K
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[15, 16]. This Maxwellian form of the “action” and the
“Gauss law” constraint will lead to the dipolar form of
〈Bα

i (r)Bβ
j (0)〉 ∝ δαβ(3xixj − r2δij)/r5, and hence the

spin-spin correlation function in Eq. 2. The discovery of
such spin correlations supports the entropic argument a
posteriori.

Monte Carlo simulations.—Classical Monte Carlo sim-
ulations for the Heisenberg (N = 3) and Ising (N = 1)
models are performed on L×L×L clusters of unit cells.
We mostly discuss the results of the Heisenberg model
here and mention those of the Ising model only as neces-
sary. In the first place, a first-order transition occurs in
the Heisenberg model. This can be most clearly seen in
the nematic correlation function defined as [8]

g(ra − rb) =
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2〉 −
1

2
, (3)

and na = 2
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S2, and S3 are three spins on the triangle a. g(r) = 1 in
an ideal coplanar state and g(r) = 0 in a non-coplanar
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state. The nematic correlation function for the next-
nearest neighbors is shown in Fig. 4 and it clearly shows
a first order transition from a low temperature nematic
ordered state to a disordered state. Hysteresis associ-
ated to this transition occurs in the temperature window
(1−5)×10−3J ; coplanar configurations are chosen below
this window via “order by disorder”. Similar behavior
is seen for the nearest-neighbor and all higher-neighbor
correlations. The energy and specific heat data are also
consistent with the first order transition to nematic or-
der (see Fig. 5). Notice that the Monte Carlo data for
the three largest system sizes L = 6, 8 and 9 are almost
identical. The zero temperature specific heat approaches
11/12 per spin which is consistent with the expectation
that the low temperature phase is dominated by coplanar
spin structures. Analysis about coplanar states tells us
that there are 4 quartic and 20 quadratic modes per unit
cell. Since each quartic (quadratic) mode contributes
1/4(1/2) to the specific heat [8], the total specific heat
becomes 11/12 per spin. Interestingly the same zero tem-
perature specific heat was obtained in the Heisenberg
model on the kagome lattice [8]. The crucial difference
between two cases, however, is that the nematic order onnon-coplanar state  
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structure factor. We cannot, however, reliably decide
whether there is a magnetic ordering or not below Tn.

The spin correlations in the Heisenberg model above
Tn are very similar to those in the large-N mean field the-
ory (see Fig. 2) and can be fitted to the dipolar form in
Eq. 3. On the other hand, the results on the Ising model
are markedly different; the spin-spin correlation function
decays exponentially. We expect this is due to the differ-
ent form of the local constraint in the Ising model.

Magnetization and susceptibility in an external field.—
The magnetization as a function of an external magnetic
field, h, is computed by the Monte Carlo simulations on
the Heisenberg model. At finite temperatures, a weak
plateau develops at h/J = 2, which leads to a singular
structure in the susceptibility as shown in Fig. 6. This
can be explained by the occurrence of a collinear order
(up-up-down spin structure) by disorder at h/J = 2 in
analogy to the kagome lattice case [13].

Implications for experiments.—The Curie-Weiss fit to
the Monte Carlo susceptibility data at high tempera-
tures, T > J , leads to θCW = −2.303(5)J (see Fig. 7).
Comparing this with the experimental value θCW =
−650K [1], one obtains J ≈ 280K. It suggests that the
nematic transition may occur around Tn ∼ 0.3K if our
results are taken seriously, and the preferred spin config-
urations below Tn would be coplanar. Even though our
classical computations may not be directly applicable at
such low temperatures, we suspect that the coplanar spin
configurations may still dominate at low temperatures
even in the quantum regime [14].

Our results also suggest that the spin correlations at

T > J/100 ∼ 2-3K may be dominated by the physics
of the classical spin liquid with dipolar spin correlations;
this can be checked by neutron scattering experiments.
Notice that there is no sign of magnetic ordering down to
2-3K in the experiment [1]; this may also be consistent
with our Monte Carlo results that show no evidence of
magnetic ordering down to Tn ∼ 0.3K. It remains to
be seen whether the system develops a magnetic order-
ing at very low temperatures by “order by disorder” via
classical/quantum fluctuations or prefers a magnetically-
disordered quantum spin liquid. Finally, in the current
work, we have not considered the orbital degree of free-
dom that may play an important role in the real material.
Studies of quantum spin models and the role of orbital
degrees of freedom, therefore, are important subjects of
future study.
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structure factor. We cannot, however, reliably decide
whether there is a magnetic ordering or not below Tn.

The spin correlations in the Heisenberg model above
Tn are very similar to those in the large-N mean field the-
ory (see Fig. 2) and can be fitted to the dipolar form in
Eq. 3. On the other hand, the results on the Ising model
are markedly different; the spin-spin correlation function
decays exponentially. We expect this is due to the differ-
ent form of the local constraint in the Ising model.

Magnetization and susceptibility in an external field.—
The magnetization as a function of an external magnetic
field, h, is computed by the Monte Carlo simulations on
the Heisenberg model. At finite temperatures, a weak
plateau develops at h/J = 2, which leads to a singular
structure in the susceptibility as shown in Fig. 6. This
can be explained by the occurrence of a collinear order
(up-up-down spin structure) by disorder at h/J = 2 in
analogy to the kagome lattice case [13].

Implications for experiments.—The Curie-Weiss fit to
the Monte Carlo susceptibility data at high tempera-
tures, T > J , leads to θCW = −2.303(5)J (see Fig. 7).
Comparing this with the experimental value θCW =
−650K [1], one obtains J ≈ 280K. It suggests that the
nematic transition may occur around Tn ∼ 0.3K if our
results are taken seriously, and the preferred spin config-
urations below Tn would be coplanar. Even though our
classical computations may not be directly applicable at
such low temperatures, we suspect that the coplanar spin
configurations may still dominate at low temperatures
even in the quantum regime [14].

Our results also suggest that the spin correlations at

T > J/100 ∼ 2-3K may be dominated by the physics
of the classical spin liquid with dipolar spin correlations;
this can be checked by neutron scattering experiments.
Notice that there is no sign of magnetic ordering down to
2-3K in the experiment [1]; this may also be consistent
with our Monte Carlo results that show no evidence of
magnetic ordering down to Tn ∼ 0.3K. It remains to
be seen whether the system develops a magnetic order-
ing at very low temperatures by “order by disorder” via
classical/quantum fluctuations or prefers a magnetically-
disordered quantum spin liquid. Finally, in the current
work, we have not considered the orbital degree of free-
dom that may play an important role in the real material.
Studies of quantum spin models and the role of orbital
degrees of freedom, therefore, are important subjects of
future study.
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structure factor. We cannot, however, reliably decide
whether there is a magnetic ordering or not below Tn.

The spin correlations in the Heisenberg model above
Tn are very similar to those in the large-N mean field the-
ory (see Fig. 2) and can be fitted to the dipolar form in
Eq. 3. On the other hand, the results on the Ising model
are markedly different; the spin-spin correlation function
decays exponentially. We expect this is due to the differ-
ent form of the local constraint in the Ising model.

Magnetization and susceptibility in an external field.—
The magnetization as a function of an external magnetic
field, h, is computed by the Monte Carlo simulations on
the Heisenberg model. At finite temperatures, a weak
plateau develops at h/J = 2, which leads to a singular
structure in the susceptibility as shown in Fig. 6. This
can be explained by the occurrence of a collinear order
(up-up-down spin structure) by disorder at h/J = 2 in
analogy to the kagome lattice case [13].

Implications for experiments.—The Curie-Weiss fit to
the Monte Carlo susceptibility data at high tempera-
tures, T > J , leads to θCW = −2.303(5)J (see Fig. 7).
Comparing this with the experimental value θCW =
−650K [1], one obtains J ≈ 280K. It suggests that the
nematic transition may occur around Tn ∼ 0.3K if our
results are taken seriously, and the preferred spin config-
urations below Tn would be coplanar. Even though our
classical computations may not be directly applicable at
such low temperatures, we suspect that the coplanar spin
configurations may still dominate at low temperatures
even in the quantum regime [14].

Our results also suggest that the spin correlations at

T > J/100 ∼ 2-3K may be dominated by the physics
of the classical spin liquid with dipolar spin correlations;
this can be checked by neutron scattering experiments.
Notice that there is no sign of magnetic ordering down to
2-3K in the experiment [1]; this may also be consistent
with our Monte Carlo results that show no evidence of
magnetic ordering down to Tn ∼ 0.3K. It remains to
be seen whether the system develops a magnetic order-
ing at very low temperatures by “order by disorder” via
classical/quantum fluctuations or prefers a magnetically-
disordered quantum spin liquid. Finally, in the current
work, we have not considered the orbital degree of free-
dom that may play an important role in the real material.
Studies of quantum spin models and the role of orbital
degrees of freedom, therefore, are important subjects of
future study.
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FIG. 2: Contour plots of the structure factor in the [hhl]
plane. (a) large-N theory at zero temperature. (b) Monte
Carlo simulations at T/J = 1/100 and L = 8. Axes range
from −4π to 4π and both plots are at the same resolution.

J) remains disordered down to quite low temperatures,
exhibiting very similar spin-spin correlations to those of
the large-N model. These correlations show a character-
istic dipolar structure in the reciprocal space, which can
be explained by a mapping to a gauge theory [15, 16]. On
the other hand, the spin correlations in the Ising (N = 1)
model turn out to be quite different.

Most interestingly, a first order transition to a long
range nematic order is observed in the Heisenberg model
at a finite temperature. As explained below, this nematic
order emerges via an “order by disorder” effect and rep-
resents the dominance of coplanar spin configurations. In
the disordered phase no evidence of magnetic ordering is
found while our numerical data cannot definitely confirm
the presence/absence of magnetic order at temperatures
below the onset of nematic order. We have also inves-
tigated the effect of an external magnetic field, h, and
found that a collinear order is chosen when h = 2J in
analogy to a similar study on the kagome lattice [17].

The lattice and local constraints.—The hyperkagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyperkagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
satisfies S∆ = 0 for every triangle while the constraint on
the Ising model is S∆ = ±1. Thus, from the outset, one
may expect that the physics of the larger-N models would
be different from the Ising case. This is different from the
antiferromagnet on the pyrochlore lattice where the Ising
and Heisenberg models satisfy the same constraint.

Large-N mean field theory.—Following Refs. 14, 15,
we rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·
Sj , where Mij is the interaction matrix that has
the information about the nearest-neighbor interac-
tion. The corresponding partition function is given by
Z =

∫

Dφ Dλ e−S(φ,λ) with the action S(φ, λ) =
∑

i,j

[

1
2Mijφi · φj + λi

2 δij(φi · φi − N)
]

, where φi is an
N -component real vector field and λi the Lagrange mul-
tiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q φq,µ · φq,ν with
Aµν

q
= Mµν

q
+ δµνλ0. Here λ0 and the eigenvalues, mq,ρ,

of the 12×12 interaction matrix Mµν
q

are determined by

the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

It is found that the lowest eigenvalue is four-fold de-
generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
that magnetic order is suppressed. The static spin-
spin correlation function can be computed via [14, 15]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ ·S−q,ν〉, in the [hhl] plane of the
reciprocal space is shown in Fig. 2. The presence of high
intensity along bow-tie structures is apparent and qual-
itatively similar to that found on the pyrochlore lattice.
As discussed below, the structure factor in the large-N
limit is very similar to that found by Monte Carlo for the
Heisenberg model (N = 3) above the nematic ordering
transition temperature, but quite different from the Ising
(N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (2)

where rij is a vector connecting sites i and j, and α, β =
x, y, z. The “dipolar vectors” ei are shown in Fig. 3.

In analogy to the pyrochlore [15], we may understand
the spin correlations in this system by mapping to a pure
Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyperkagome lattice;
the sites on the hyperkagome lattice should be placed on
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FIG. 2: Contour plots of the structure factor in the [hhl]
plane. (a) large-N theory at zero temperature. (b) Monte
Carlo simulations at T/J = 1/100 and L = 8. Axes range
from −4π to 4π and both plots are at the same resolution.

J) remains disordered down to quite low temperatures,
exhibiting very similar spin-spin correlations to those of
the large-N model. These correlations show a character-
istic dipolar structure in the reciprocal space, which can
be explained by a mapping to a gauge theory [15, 16]. On
the other hand, the spin correlations in the Ising (N = 1)
model turn out to be quite different.

Most interestingly, a first order transition to a long
range nematic order is observed in the Heisenberg model
at a finite temperature. As explained below, this nematic
order emerges via an “order by disorder” effect and rep-
resents the dominance of coplanar spin configurations. In
the disordered phase no evidence of magnetic ordering is
found while our numerical data cannot definitely confirm
the presence/absence of magnetic order at temperatures
below the onset of nematic order. We have also inves-
tigated the effect of an external magnetic field, h, and
found that a collinear order is chosen when h = 2J in
analogy to a similar study on the kagome lattice [17].

The lattice and local constraints.—The hyperkagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyperkagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
satisfies S∆ = 0 for every triangle while the constraint on
the Ising model is S∆ = ±1. Thus, from the outset, one
may expect that the physics of the larger-N models would
be different from the Ising case. This is different from the
antiferromagnet on the pyrochlore lattice where the Ising
and Heisenberg models satisfy the same constraint.

Large-N mean field theory.—Following Refs. 14, 15,
we rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·
Sj , where Mij is the interaction matrix that has
the information about the nearest-neighbor interac-
tion. The corresponding partition function is given by
Z =

∫

Dφ Dλ e−S(φ,λ) with the action S(φ, λ) =
∑

i,j

[

1
2Mijφi · φj + λi

2 δij(φi · φi − N)
]

, where φi is an
N -component real vector field and λi the Lagrange mul-
tiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q φq,µ · φq,ν with
Aµν

q
= Mµν

q
+ δµνλ0. Here λ0 and the eigenvalues, mq,ρ,

of the 12×12 interaction matrix Mµν
q

are determined by

the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

It is found that the lowest eigenvalue is four-fold de-
generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
that magnetic order is suppressed. The static spin-
spin correlation function can be computed via [14, 15]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ ·S−q,ν〉, in the [hhl] plane of the
reciprocal space is shown in Fig. 2. The presence of high
intensity along bow-tie structures is apparent and qual-
itatively similar to that found on the pyrochlore lattice.
As discussed below, the structure factor in the large-N
limit is very similar to that found by Monte Carlo for the
Heisenberg model (N = 3) above the nematic ordering
transition temperature, but quite different from the Ising
(N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (2)

where rij is a vector connecting sites i and j, and α, β =
x, y, z. The “dipolar vectors” ei are shown in Fig. 3.

In analogy to the pyrochlore [15], we may understand
the spin correlations in this system by mapping to a pure
Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyperkagome lattice;
the sites on the hyperkagome lattice should be placed on
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FIG. 2: Contour plots of the structure factor in the [hhl]
plane. (a) large-N theory at zero temperature. (b) Monte
Carlo simulations at T/J = 1/100 and L = 8. Axes range
from −4π to 4π and both plots are at the same resolution.

J) remains disordered down to quite low temperatures,
exhibiting very similar spin-spin correlations to those of
the large-N model. These correlations show a character-
istic dipolar structure in the reciprocal space, which can
be explained by a mapping to a gauge theory [15, 16]. On
the other hand, the spin correlations in the Ising (N = 1)
model turn out to be quite different.

Most interestingly, a first order transition to a long
range nematic order is observed in the Heisenberg model
at a finite temperature. As explained below, this nematic
order emerges via an “order by disorder” effect and rep-
resents the dominance of coplanar spin configurations. In
the disordered phase no evidence of magnetic ordering is
found while our numerical data cannot definitely confirm
the presence/absence of magnetic order at temperatures
below the onset of nematic order. We have also inves-
tigated the effect of an external magnetic field, h, and
found that a collinear order is chosen when h = 2J in
analogy to a similar study on the kagome lattice [17].

The lattice and local constraints.—The hyperkagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyperkagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
satisfies S∆ = 0 for every triangle while the constraint on
the Ising model is S∆ = ±1. Thus, from the outset, one
may expect that the physics of the larger-N models would
be different from the Ising case. This is different from the
antiferromagnet on the pyrochlore lattice where the Ising
and Heisenberg models satisfy the same constraint.

Large-N mean field theory.—Following Refs. 14, 15,
we rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·
Sj , where Mij is the interaction matrix that has
the information about the nearest-neighbor interac-
tion. The corresponding partition function is given by
Z =

∫

Dφ Dλ e−S(φ,λ) with the action S(φ, λ) =
∑

i,j

[

1
2Mijφi · φj + λi

2 δij(φi · φi − N)
]

, where φi is an
N -component real vector field and λi the Lagrange mul-
tiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q φq,µ · φq,ν with
Aµν

q
= Mµν

q
+ δµνλ0. Here λ0 and the eigenvalues, mq,ρ,

of the 12×12 interaction matrix Mµν
q

are determined by

the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

It is found that the lowest eigenvalue is four-fold de-
generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
that magnetic order is suppressed. The static spin-
spin correlation function can be computed via [14, 15]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ ·S−q,ν〉, in the [hhl] plane of the
reciprocal space is shown in Fig. 2. The presence of high
intensity along bow-tie structures is apparent and qual-
itatively similar to that found on the pyrochlore lattice.
As discussed below, the structure factor in the large-N
limit is very similar to that found by Monte Carlo for the
Heisenberg model (N = 3) above the nematic ordering
transition temperature, but quite different from the Ising
(N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (2)

where rij is a vector connecting sites i and j, and α, β =
x, y, z. The “dipolar vectors” ei are shown in Fig. 3.

In analogy to the pyrochlore [15], we may understand
the spin correlations in this system by mapping to a pure
Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyperkagome lattice;
the sites on the hyperkagome lattice should be placed on
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FIG. 3: (color online). The dipolar (eκ) and dual lattice
(e′

κ) vectors.

the bonds of the dual lattice. This dual lattice can be ob-
tained by connecting centers of the tetrahedra of the un-
derlying pyrochlore lattice, but only along the directions
that would pass through the sites of the hyperkagome
lattice. Then there exists a unique bond κ (on the dual
lattice) for a given site i. Let us define e′κ as the unit
vector along the bond κ (see Fig. 3). We now define N
number of “magnetic” vector fields bα

κ along the bond
κ via bα

κ = Sα
κ eκ, where Sα

κ and eκ represent the spin
and unit vector defined earlier on the hyperkagome lat-
tice. Notice that the direction of these “magnetic” vector
fields is not along e′κ. Nonetheless the “magnetic” vector
fields satisfy Div bα =

∑

κ e′κ · bα
κ =

∑

κ e′κ · eκSα
κ = 0

on the dual lattice. This is a direct consequence of the
constraint

∑

iε∆ Sα
i = 0 and e′κ · eκ =

√

2/3 for all κ.
We now define coarse grained “magnetic” vector fields,

Bα, averaged over clusters of spins [15, 16]. There exist
many “flippable” spin configurations where local rear-
rangement of the spins in a cluster can be made without
violating the constraints. The coarse-grained field over
such “flippable” spin configurations will average out to
a small value. Then the large entropic weight is related
to the small values of Bα. This feature can be repre-
sented by an entropic weight of the form exp(−K

2

∫

drB2)
[15, 16]. This Maxwellian form of the “action” and the
“Gauss law” constraint will lead to the dipolar form of
〈Bα

i (r)Bβ
j (0)〉 ∝ δαβ(3xixj − r2δij)/r5, and hence the

spin-spin correlation function in Eq. 2. The discovery of
such spin correlations supports the entropic argument a
posteriori.

Monte Carlo simulations.—Classical Monte Carlo sim-
ulations for the Heisenberg (N = 3) and Ising (N = 1)
models are performed on L×L×L clusters of unit cells.
We mostly discuss the results of the Heisenberg model
here and mention those of the Ising model only as neces-
sary. In the first place, a first-order transition occurs in
the Heisenberg model. This can be most clearly seen in
the nematic correlation function defined as [8]

g(ra − rb) =
3

2
〈(na · nb)

2〉 −
1

2
, (3)

and na = 2
3
√

3
(S1 × S2 + S2 × S3 + S3 × S1), where S1,

S2, and S3 are three spins on the triangle a. g(r) = 1 in
an ideal coplanar state and g(r) = 0 in a non-coplanar
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FIG. 4: (color online). The nematic correlation function
for the next-nearest neighbor triangles. (a) Hysteresis is ob-
served upon lowering (down) or raising (up) the temperature;
(b) finite size effects scale to a finite first order transition
temperature (lines guide the eye).
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FIG. 5: (color online). The energy E(T )−E(T = 0) per spin
divided by temperature. In the T → 0 limit, this quantity
approaches 11/12 and equals the specific heat.

state. The nematic correlation function for the next-
nearest neighbors is shown in Fig. 4 and it clearly shows
a first order transition from a low temperature nematic
ordered state to a disordered state. Hysteresis associ-
ated to this transition occurs in the temperature window
(1−5)×10−3J ; coplanar configurations are chosen below
this window via “order by disorder”. Similar behavior
is seen for the nearest-neighbor and all higher-neighbor
correlations. The energy and specific heat data are also
consistent with the first order transition to nematic or-
der (see Fig. 5). Notice that the Monte Carlo data for
the three largest system sizes L = 6, 8 and 9 are almost
identical. The zero temperature specific heat approaches
11/12 per spin which is consistent with the expectation
that the low temperature phase is dominated by coplanar
spin structures. Analysis about coplanar states tells us
that there are 4 quartic and 20 quadratic modes per unit
cell. Since each quartic (quadratic) mode contributes
1/4(1/2) to the specific heat [8], the total specific heat
becomes 11/12 per spin. Interestingly the same zero tem-
perature specific heat was obtained in the Heisenberg
model on the kagome lattice [8]. The crucial difference
between two cases, however, is that the nematic order on

c.f.  Pyrochlore lattice: S. V. Isakov, K. Gregor, R. Moessner, S. L. Sondhi, PRL 93, 167204 (2004)
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The planar pyrochlore antiferromagnet: A large-N analysis
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We study possible quantum phases of the Heisenberg antiferromagnet on the planar pyrochlore
lattice, also known as the checkerboard lattice or the square lattice with crossings. It is assumed
that the exchange coupling on the square-lattice-links is not necessarily the same as those along
the crossing links. When all the couplings are the same, this model may be regarded as a two
dimensional analog of the pyrochlore antiferromagnet. The large-N limit of the Sp(N) generalized
model is considered and the phase diagram is obtained by analyzing the fluctuation effects about
the N → ∞ limit. We find a topologically-ordered Z2-spin-liquid phase in a narrow region of
the phase diagram as well as the plaquette-ordered and staggered spin-Peierls phases as possible
quantum-disordered paramagnetic phases.

PACS numbers:

I. INTRODUCTION

Recently frustrated magnets have attracted much in-
terest of theorists and experimentalists as new kinds of
frustrated magnetic systems have become available for
experimental studies.1,2,3 Armed with much progress in
understanding the classical frustrated magnets,4,5 the at-
tention is now focused on quantum counterparts. Frus-
tration often leads to a large degeneracy of the classi-
cal ground states and the resulting frustration-enhanced
fluctuations can suppress classical long-range spin or-
der, encouraging the possibility of spin-disordered ground
states even in two or three dimensions.6,7

It is not obvious, however, what kinds of quantum
ground states may arise as a result of the fluctua-
tions, especially for the small values of spin. Indeed
geometrically frustrated magnets seem to allow mul-
tifarious quantum-disordered paramagnetic phases, in-
cluding various translational-symmetry-breaking phases8

and the quantum spin liquid phases with fractionalized
excitations.8,9,10,11 It has been suggested that some of
these quantum-disordered phases may also arise in un-
derdoped cuprate superconductors, where the frustra-
tion of the spins may occur due to the motion of doped
holes.12,13

The possible existence of quantum-disordered phases
on the pyrochlore lattice is a particularly interesting
question in view of the fact that it is generally harder
to suppress a long-range spin order in three dimen-
sions. The progress in understanding this issue has
been slower than the cases of two dimensional frus-
trated magnets mainly due to the significantly bigger
Hilbert space.14,15,16 To circumvent this difficulty, the
planar version of the pyrochlore lattice, also known as
the checkerboard lattice or the square lattice with cross-
ings, has been introduced.17,18,19,20,21,22,23,24,25,26 When
all the Heisenberg exchange couplings are the same, the
checkerboard lattice has the same local structure of the
pyrochlore lattice; a network of corner-sharing tetrahe-
dra. Moreover, the size and topology of the ground state

manifold are also identical in two cases.5 Therefore one
may expect that the studies of the checkerboard lattice
will shed some light on the pyrochlore lattice problem.

In this paper, we examine a Heisenberg model on
the checkerboard lattice (illustrated in Fig.1), where the
Heisenberg exchange couplings on the horizontal and ver-
tical links are in general different from those along the
diagonal links. The motivation for studying such a model
partly comes from the fact that no symmetry of the lat-
tice can turn the first neighbor bonds to the second neigh-
bor bonds so that not all the bonds on its tetrahedra are
equivalent in contrast to the pyrochlore lattice case. The
Hamiltonian for this model can be written as

H = J1

∑

〈ij〉

Si · Sj + J2

∑

diagonals

Si · Sj , (1)

where Si are S = 1/2 operators at the site i. Here J1 > 0
and J2 > 0 are the antiferromagnetic exchange couplings
on the nearest-neighbor (horizontal and vertical) links
and the second-neighbor (diagonal) links, respectively.

We consider the generalization of the physical spin
SU(2) ∼= Sp(1) symmetry to Sp(N) and study the quan-
tum ground states of the Sp(N) Hamiltonian in the large-
N limit.8 Some of the phases obtained in the large-N
limit may not appear in the SU(2) model. Even these
phases, however, may still be relevant to some physical
systems whose microscopic Hamiltonians are “near” the
parameter space of the original Hamiltonian. For exam-
ple, these phases may arise when the original system is
deformed by substitutional doping or hydrostatic pres-
sure.

More specifically, the first step toward the Sp(N) gen-
eralization starts with the bosonic representation of the
SU(2) spin operators, Si = 1

2
b†αi σβ

αbiβ , where α, β =↑, ↓
labels two possible spin states of each boson, biα, and
the constraint nb = b†αi biα = 2S must be imposed at
each site. Then, apart from an additive constant, the
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frustrated magnetic systems have become available for
experimental studies.1,2,3 Armed with much progress in
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tention is now focused on quantum counterparts. Frus-
tration often leads to a large degeneracy of the classi-
cal ground states and the resulting frustration-enhanced
fluctuations can suppress classical long-range spin or-
der, encouraging the possibility of spin-disordered ground
states even in two or three dimensions.6,7

It is not obvious, however, what kinds of quantum
ground states may arise as a result of the fluctua-
tions, especially for the small values of spin. Indeed
geometrically frustrated magnets seem to allow mul-
tifarious quantum-disordered paramagnetic phases, in-
cluding various translational-symmetry-breaking phases8

and the quantum spin liquid phases with fractionalized
excitations.8,9,10,11 It has been suggested that some of
these quantum-disordered phases may also arise in un-
derdoped cuprate superconductors, where the frustra-
tion of the spins may occur due to the motion of doped
holes.12,13

The possible existence of quantum-disordered phases
on the pyrochlore lattice is a particularly interesting
question in view of the fact that it is generally harder
to suppress a long-range spin order in three dimen-
sions. The progress in understanding this issue has
been slower than the cases of two dimensional frus-
trated magnets mainly due to the significantly bigger
Hilbert space.14,15,16 To circumvent this difficulty, the
planar version of the pyrochlore lattice, also known as
the checkerboard lattice or the square lattice with cross-
ings, has been introduced.17,18,19,20,21,22,23,24,25,26 When
all the Heisenberg exchange couplings are the same, the
checkerboard lattice has the same local structure of the
pyrochlore lattice; a network of corner-sharing tetrahe-
dra. Moreover, the size and topology of the ground state

manifold are also identical in two cases.5 Therefore one
may expect that the studies of the checkerboard lattice
will shed some light on the pyrochlore lattice problem.

In this paper, we examine a Heisenberg model on
the checkerboard lattice (illustrated in Fig.1), where the
Heisenberg exchange couplings on the horizontal and ver-
tical links are in general different from those along the
diagonal links. The motivation for studying such a model
partly comes from the fact that no symmetry of the lat-
tice can turn the first neighbor bonds to the second neigh-
bor bonds so that not all the bonds on its tetrahedra are
equivalent in contrast to the pyrochlore lattice case. The
Hamiltonian for this model can be written as

H = J1
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Si · Sj + J2

∑
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Si · Sj , (1)

where Si are S = 1/2 operators at the site i. Here J1 > 0
and J2 > 0 are the antiferromagnetic exchange couplings
on the nearest-neighbor (horizontal and vertical) links
and the second-neighbor (diagonal) links, respectively.

We consider the generalization of the physical spin
SU(2) ∼= Sp(1) symmetry to Sp(N) and study the quan-
tum ground states of the Sp(N) Hamiltonian in the large-
N limit.8 Some of the phases obtained in the large-N
limit may not appear in the SU(2) model. Even these
phases, however, may still be relevant to some physical
systems whose microscopic Hamiltonians are “near” the
parameter space of the original Hamiltonian. For exam-
ple, these phases may arise when the original system is
deformed by substitutional doping or hydrostatic pres-
sure.

More specifically, the first step toward the Sp(N) gen-
eralization starts with the bosonic representation of the
SU(2) spin operators, Si = 1
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b†αi σβ

αbiβ , where α, β =↑, ↓
labels two possible spin states of each boson, biα, and
the constraint nb = b†αi biα = 2S must be imposed at
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fluctuations can suppress classical long-range spin or-
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It is not obvious, however, what kinds of quantum
ground states may arise as a result of the fluctua-
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cluding various translational-symmetry-breaking phases8
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excitations.8,9,10,11 It has been suggested that some of
these quantum-disordered phases may also arise in un-
derdoped cuprate superconductors, where the frustra-
tion of the spins may occur due to the motion of doped
holes.12,13

The possible existence of quantum-disordered phases
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question in view of the fact that it is generally harder
to suppress a long-range spin order in three dimen-
sions. The progress in understanding this issue has
been slower than the cases of two dimensional frus-
trated magnets mainly due to the significantly bigger
Hilbert space.14,15,16 To circumvent this difficulty, the
planar version of the pyrochlore lattice, also known as
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ings, has been introduced.17,18,19,20,21,22,23,24,25,26 When
all the Heisenberg exchange couplings are the same, the
checkerboard lattice has the same local structure of the
pyrochlore lattice; a network of corner-sharing tetrahe-
dra. Moreover, the size and topology of the ground state

manifold are also identical in two cases.5 Therefore one
may expect that the studies of the checkerboard lattice
will shed some light on the pyrochlore lattice problem.

In this paper, we examine a Heisenberg model on
the checkerboard lattice (illustrated in Fig.1), where the
Heisenberg exchange couplings on the horizontal and ver-
tical links are in general different from those along the
diagonal links. The motivation for studying such a model
partly comes from the fact that no symmetry of the lat-
tice can turn the first neighbor bonds to the second neigh-
bor bonds so that not all the bonds on its tetrahedra are
equivalent in contrast to the pyrochlore lattice case. The
Hamiltonian for this model can be written as

H = J1

∑
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Si · Sj + J2

∑
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Si · Sj , (1)

where Si are S = 1/2 operators at the site i. Here J1 > 0
and J2 > 0 are the antiferromagnetic exchange couplings
on the nearest-neighbor (horizontal and vertical) links
and the second-neighbor (diagonal) links, respectively.

We consider the generalization of the physical spin
SU(2) ∼= Sp(1) symmetry to Sp(N) and study the quan-
tum ground states of the Sp(N) Hamiltonian in the large-
N limit.8 Some of the phases obtained in the large-N
limit may not appear in the SU(2) model. Even these
phases, however, may still be relevant to some physical
systems whose microscopic Hamiltonians are “near” the
parameter space of the original Hamiltonian. For exam-
ple, these phases may arise when the original system is
deformed by substitutional doping or hydrostatic pres-
sure.

More specifically, the first step toward the Sp(N) gen-
eralization starts with the bosonic representation of the
SU(2) spin operators, Si = 1
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b†αi σβ

αbiβ , where α, β =↑, ↓
labels two possible spin states of each boson, biα, and
the constraint nb = b†αi biα = 2S must be imposed at
each site. Then, apart from an additive constant, the

2

FIG. 1: The checkerboard lattice. The exchange J1 acts be-
tween sites separated by the horizontal or vertical links while
the exchange J2 acts across the diagonal links.

Heisenberg Hamiltonian can be written as

H = −
1

2

∑

ij

Jij(εαβb†αi b†βj )(εγδbiγbjδ) (2)

where Jij = J1 on the horizontal and vertical links, and
Jij = J2 on the diagonal links. Here εαβ is the anti-
symmetric tensor of SU(2). The generalization to Sp(N)
symmetry can be achieved by introducing N flavors of
bosons on each site. The constraint must be modified
to nb = b†αi biα = 2NS, where α = 1, ..., 2N is a Sp(N)
index. For the physical case, N = 1, S takes half-integer
values. The corresponding Sp(N) Hamiltonian is

H = −
1

2N

∑

ij

Jij(Jαβb†αi b†βj )(J γδbiγbjδ), (3)

where J αβ = Jαβ = −Jβα is the generalization of the ε
tensor of SU(2); it is a 2N × 2N matrix that contains N
copies of ε along its center block diagonal and vanishes
elsewhere.8

In the N → ∞ limit at a fixed boson density per fla-
vor, nb/N = 2S = κ, a mean field theory for S = κ/2
can be obtained and the fluctuations about the mean
field state give rise to a gauge theory.8 The mean-field
phase diagram at N → ∞ is shown in Fig.3 as a function
of J2/(J1 + J2) and 1/S. At large values of S, various
magnetically long-range-ordered (LRO) phases appear
and are represented by the ordering wavevector (q1, q2)
measured in units of 1/(nearest-neighbor spacing). The
short-range-ordered (SRO) phases at small values of S
correspond to the quantum-disordered phases with short-
range equal-time spin correlations enhanced at the cor-
responding wavevectors.

One of the most notable findings in our studies is
the existence of a quantum-spin-liquid phase with Z2-
fractionalized excitations27 in a narrow region of the

FIG. 2: The four-site unit cell of the checkerboard lattice
and the twelve link variables Qij .

phase diagram (denoted by (π, q) SRO). This region,
J1 %= J2 and the small values of S, has not been ex-
plored in previous works. After taking into account fluc-
tuation effects, the plaquette-ordered state emerges from
the (π, π) SRO phase; similarly a staggered spin-Peierls
state arises from the (π, 0) SRO phase. The result on
the (π, π) SRO phase is in accordance with the previ-
ous finding of the plaquette-ordered phase for J1 = J2

and small values of S.18,19,20 The transition from the
Z2 quantum-spin-liquid to the plaquette-ordered phase
or the staggered spin-Peierls phase is described by a Z2

gauge theory.27,28,29,30 Our results may be also consis-
tent with the large-S study of the SU(2) model with
J1 %= J2.24 Detailed comparison with the previous works
will be made later in this paper.

The rest of this paper is organized as follows. In section
II, we describe the mean-field phase diagram and various
mean-field phases at N → ∞. In section III, the effect
of singular fluctuations at finite N on the paramagnetic
phases is discussed. We explain the relation between the
previous works and ours, and conclude in section IV.

II. MEAN FIELD PHASE DIAGRAM

The mean-field theory can be obtained by introduc-
ing the directed link fields, Qij = −Qji. These fields
are used to decouple the quartic boson interactions in S
by a Hubbard-Stratonovitch transformation. After this
decoupling, the effective action contains the terms

S =

∫

dτ
∑

i>j

Jij

2

[

N |Qij |
2−QijJαβbα

i bβ
j + c.c.

]

+ · · ·,

(4)
where τ is the imaginary time and the ellipses repre-
sent standard terms which impose the canonical boson
commutation relations and the constraint.8 At the sad-
dle point of the action, we get

〈Qij〉 =
1

N

〈

J αβb†iαb†jβ

〉

. (5)

SU(2) Heisenberg Model

εαβ antisymmetic tensor of SU(2)
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Jean-Sébastien Bernier1, Chung-Hou Chung1, Yong Baek Kim1, and Subir Sachdev2

1Department of Physics, University of Toronto, Toronto, Ontario, Canada M5S 1A7
2Department of Physics, Yale University, P. O. Box 208120, New Haven, Connecticut 06520-8120

(Dated: March 27, 2007)

We study possible quantum phases of the Heisenberg antiferromagnet on the planar pyrochlore
lattice, also known as the checkerboard lattice or the square lattice with crossings. It is assumed
that the exchange coupling on the square-lattice-links is not necessarily the same as those along
the crossing links. When all the couplings are the same, this model may be regarded as a two
dimensional analog of the pyrochlore antiferromagnet. The large-N limit of the Sp(N) generalized
model is considered and the phase diagram is obtained by analyzing the fluctuation effects about
the N → ∞ limit. We find a topologically-ordered Z2-spin-liquid phase in a narrow region of
the phase diagram as well as the plaquette-ordered and staggered spin-Peierls phases as possible
quantum-disordered paramagnetic phases.

PACS numbers:

I. INTRODUCTION

Recently frustrated magnets have attracted much in-
terest of theorists and experimentalists as new kinds of
frustrated magnetic systems have become available for
experimental studies.1,2,3 Armed with much progress in
understanding the classical frustrated magnets,4,5 the at-
tention is now focused on quantum counterparts. Frus-
tration often leads to a large degeneracy of the classi-
cal ground states and the resulting frustration-enhanced
fluctuations can suppress classical long-range spin or-
der, encouraging the possibility of spin-disordered ground
states even in two or three dimensions.6,7

It is not obvious, however, what kinds of quantum
ground states may arise as a result of the fluctua-
tions, especially for the small values of spin. Indeed
geometrically frustrated magnets seem to allow mul-
tifarious quantum-disordered paramagnetic phases, in-
cluding various translational-symmetry-breaking phases8

and the quantum spin liquid phases with fractionalized
excitations.8,9,10,11 It has been suggested that some of
these quantum-disordered phases may also arise in un-
derdoped cuprate superconductors, where the frustra-
tion of the spins may occur due to the motion of doped
holes.12,13

The possible existence of quantum-disordered phases
on the pyrochlore lattice is a particularly interesting
question in view of the fact that it is generally harder
to suppress a long-range spin order in three dimen-
sions. The progress in understanding this issue has
been slower than the cases of two dimensional frus-
trated magnets mainly due to the significantly bigger
Hilbert space.14,15,16 To circumvent this difficulty, the
planar version of the pyrochlore lattice, also known as
the checkerboard lattice or the square lattice with cross-
ings, has been introduced.17,18,19,20,21,22,23,24,25,26 When
all the Heisenberg exchange couplings are the same, the
checkerboard lattice has the same local structure of the
pyrochlore lattice; a network of corner-sharing tetrahe-
dra. Moreover, the size and topology of the ground state

manifold are also identical in two cases.5 Therefore one
may expect that the studies of the checkerboard lattice
will shed some light on the pyrochlore lattice problem.

In this paper, we examine a Heisenberg model on
the checkerboard lattice (illustrated in Fig.1), where the
Heisenberg exchange couplings on the horizontal and ver-
tical links are in general different from those along the
diagonal links. The motivation for studying such a model
partly comes from the fact that no symmetry of the lat-
tice can turn the first neighbor bonds to the second neigh-
bor bonds so that not all the bonds on its tetrahedra are
equivalent in contrast to the pyrochlore lattice case. The
Hamiltonian for this model can be written as

H = J1

∑

〈ij〉

Si · Sj + J2

∑

diagonals

Si · Sj , (1)

where Si are S = 1/2 operators at the site i. Here J1 > 0
and J2 > 0 are the antiferromagnetic exchange couplings
on the nearest-neighbor (horizontal and vertical) links
and the second-neighbor (diagonal) links, respectively.

We consider the generalization of the physical spin
SU(2) ∼= Sp(1) symmetry to Sp(N) and study the quan-
tum ground states of the Sp(N) Hamiltonian in the large-
N limit.8 Some of the phases obtained in the large-N
limit may not appear in the SU(2) model. Even these
phases, however, may still be relevant to some physical
systems whose microscopic Hamiltonians are “near” the
parameter space of the original Hamiltonian. For exam-
ple, these phases may arise when the original system is
deformed by substitutional doping or hydrostatic pres-
sure.

More specifically, the first step toward the Sp(N) gen-
eralization starts with the bosonic representation of the
SU(2) spin operators, Si = 1

2
b†αi σβ

αbiβ , where α, β =↑, ↓
labels two possible spin states of each boson, biα, and
the constraint nb = b†αi biα = 2S must be imposed at
each site. Then, apart from an additive constant, the
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frustrated magnetic systems have become available for
experimental studies.1,2,3 Armed with much progress in
understanding the classical frustrated magnets,4,5 the at-
tention is now focused on quantum counterparts. Frus-
tration often leads to a large degeneracy of the classi-
cal ground states and the resulting frustration-enhanced
fluctuations can suppress classical long-range spin or-
der, encouraging the possibility of spin-disordered ground
states even in two or three dimensions.6,7

It is not obvious, however, what kinds of quantum
ground states may arise as a result of the fluctua-
tions, especially for the small values of spin. Indeed
geometrically frustrated magnets seem to allow mul-
tifarious quantum-disordered paramagnetic phases, in-
cluding various translational-symmetry-breaking phases8

and the quantum spin liquid phases with fractionalized
excitations.8,9,10,11 It has been suggested that some of
these quantum-disordered phases may also arise in un-
derdoped cuprate superconductors, where the frustra-
tion of the spins may occur due to the motion of doped
holes.12,13

The possible existence of quantum-disordered phases
on the pyrochlore lattice is a particularly interesting
question in view of the fact that it is generally harder
to suppress a long-range spin order in three dimen-
sions. The progress in understanding this issue has
been slower than the cases of two dimensional frus-
trated magnets mainly due to the significantly bigger
Hilbert space.14,15,16 To circumvent this difficulty, the
planar version of the pyrochlore lattice, also known as
the checkerboard lattice or the square lattice with cross-
ings, has been introduced.17,18,19,20,21,22,23,24,25,26 When
all the Heisenberg exchange couplings are the same, the
checkerboard lattice has the same local structure of the
pyrochlore lattice; a network of corner-sharing tetrahe-
dra. Moreover, the size and topology of the ground state

manifold are also identical in two cases.5 Therefore one
may expect that the studies of the checkerboard lattice
will shed some light on the pyrochlore lattice problem.

In this paper, we examine a Heisenberg model on
the checkerboard lattice (illustrated in Fig.1), where the
Heisenberg exchange couplings on the horizontal and ver-
tical links are in general different from those along the
diagonal links. The motivation for studying such a model
partly comes from the fact that no symmetry of the lat-
tice can turn the first neighbor bonds to the second neigh-
bor bonds so that not all the bonds on its tetrahedra are
equivalent in contrast to the pyrochlore lattice case. The
Hamiltonian for this model can be written as

H = J1

∑

〈ij〉

Si · Sj + J2

∑

diagonals

Si · Sj , (1)

where Si are S = 1/2 operators at the site i. Here J1 > 0
and J2 > 0 are the antiferromagnetic exchange couplings
on the nearest-neighbor (horizontal and vertical) links
and the second-neighbor (diagonal) links, respectively.

We consider the generalization of the physical spin
SU(2) ∼= Sp(1) symmetry to Sp(N) and study the quan-
tum ground states of the Sp(N) Hamiltonian in the large-
N limit.8 Some of the phases obtained in the large-N
limit may not appear in the SU(2) model. Even these
phases, however, may still be relevant to some physical
systems whose microscopic Hamiltonians are “near” the
parameter space of the original Hamiltonian. For exam-
ple, these phases may arise when the original system is
deformed by substitutional doping or hydrostatic pres-
sure.

More specifically, the first step toward the Sp(N) gen-
eralization starts with the bosonic representation of the
SU(2) spin operators, Si = 1

2
b†αi σβ

αbiβ , where α, β =↑, ↓
labels two possible spin states of each boson, biα, and
the constraint nb = b†αi biα = 2S must be imposed at
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cal ground states and the resulting frustration-enhanced
fluctuations can suppress classical long-range spin or-
der, encouraging the possibility of spin-disordered ground
states even in two or three dimensions.6,7

It is not obvious, however, what kinds of quantum
ground states may arise as a result of the fluctua-
tions, especially for the small values of spin. Indeed
geometrically frustrated magnets seem to allow mul-
tifarious quantum-disordered paramagnetic phases, in-
cluding various translational-symmetry-breaking phases8

and the quantum spin liquid phases with fractionalized
excitations.8,9,10,11 It has been suggested that some of
these quantum-disordered phases may also arise in un-
derdoped cuprate superconductors, where the frustra-
tion of the spins may occur due to the motion of doped
holes.12,13

The possible existence of quantum-disordered phases
on the pyrochlore lattice is a particularly interesting
question in view of the fact that it is generally harder
to suppress a long-range spin order in three dimen-
sions. The progress in understanding this issue has
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phase diagram (denoted by (π, q) SRO). This region,
J1 %= J2 and the small values of S, has not been ex-
plored in previous works. After taking into account fluc-
tuation effects, the plaquette-ordered state emerges from
the (π, π) SRO phase; similarly a staggered spin-Peierls
state arises from the (π, 0) SRO phase. The result on
the (π, π) SRO phase is in accordance with the previ-
ous finding of the plaquette-ordered phase for J1 = J2

and small values of S.18,19,20 The transition from the
Z2 quantum-spin-liquid to the plaquette-ordered phase
or the staggered spin-Peierls phase is described by a Z2

gauge theory.27,28,29,30 Our results may be also consis-
tent with the large-S study of the SU(2) model with
J1 %= J2.24 Detailed comparison with the previous works
will be made later in this paper.

The rest of this paper is organized as follows. In section
II, we describe the mean-field phase diagram and various
mean-field phases at N → ∞. In section III, the effect
of singular fluctuations at finite N on the paramagnetic
phases is discussed. We explain the relation between the
previous works and ours, and conclude in section IV.
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(4)
where τ is the imaginary time and the ellipses repre-
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FIG. 3: [Dashed line: first order transition. Solid line: con-
tinuous transition.] Large-N phase diagram of the Sp(N)
checkerboard lattice model as a function of J2/(J1 + J2) and
1/S. The LRO phases break spin-rotation symmetry. The
spin order is collinear and commensurate in the (π, π) and
(π, 0) LRO phases while it is helical and incommensurate in
the (π, q) LRO phase. The SRO phases preserve spin-rotation
invariance. At J1/J2 = 1, we find zero expectation value of
the diagonal bond variables at all κ = 2S. The long-range
Néel order develops above κ = 2S ≈ 0.4; below this value,
the Néel correlations are only short-ranged. In addition, for
large values of S, we get the Néel (π, π) LRO for J2 < J1 and
(π, 0) LRO for J2 > J1.

The four-site unit cell of the checkerboard lattice, as de-
picted in Fig.2, has twelve of these Qij fields. When S
becomes large, the dynamics of S leads to the condensa-
tion of the bα

i bosons and one obtains a nonzero value of

〈bα
i 〉 = xα

i . (6)

Since the large-N limit of S is taken for a fixed value of
κ = nb/N = 2S, depending on the ratio J1/J2 and the
value of κ, the ground state of S at T = 0 can either break
the global Sp(N) symmetry and posses magnetic LRO or
be Sp(N) invariant with only SRO; thus the ground state
energy should be optimized with respect to variations in
〈Qij〉 and xα

i for different values of J2/J1 and κ. We also
find that each saddle point may be described by a purely
real 〈Qij〉. The resulting phase diagram is shown in Fig.3.
We describe various magnetically ordered (xα

i #= 0) and
paramagnetic (xα

i = 0) phases as follows.

A. Magnetically ordered phases

1. Néel (π, π) LRO state

This is the long-range-ordered state in which 〈Si〉 is
collinearly polarized in opposite directions on two sublat-
tices. In the appropriate gauge, the expectation values

of link variables are nonzero and equal on the horizon-
tal (Q) and vertical (P) links, while the values on the
diagonal links (R) are zero.

2. (π, 0) and (0, π) LRO states

This magnetically ordered phase is characterized by
nonzero values of 〈Qij〉 on the horizontal and diagonal
links for the (π, 0) LRO state or on the vertical and di-
agonal links for the (0, π) LRO state. There are two
gauge-nonequivalent choices for the values of R1, R2, R3

and R4. One state has R1 = R2 = R3 = R4 with P = 0
and Q #= 0, and the other has R1 = R3 = −R and
R2 = R4 = R with P #= 0 and Q = 0. These two states
are interchanged under a π/2 rotation. Moreover, these
states can be understood as diagonally coupled horizon-
tal or vertical Heisenberg antiferromagnetic chains.

3. Helical (π, q) and (q, π) LRO states

This helically-ordered phase is characterized by
nonzero values of 〈Qij〉 on the horizontal, vertical and di-
agonal links. Once again, our results indicate that there
are two gauge-nonequivalent choices for the values of R1,
R2, R3 and R4. One state has R1 = R2 = R3 = R4

with Q > P and the other has R1 = R3 = −R and
R2 = R4 = R with P > Q. These two states are inter-
changed under a π/2 rotation and correspond to spirals
ordered in the horizontal or vertical directions. Notice
that this is a long-range incommensurate spin order and
the spin structure factor peaks at the incommensurate
wavevector (π, q) or (q, π). Here q varies continuously as
J2/J1 changes.

B. Paramagnetic phases

1. Decoupled chains

As its name suggests, this phase is a grid of decou-
pled Heisenberg antiferromagnetic chains. In the large-N
limit, it corresponds to the solution where the 〈Qij〉 are
nonzero only on the diagonal links.

2. (π, π) SRO state

This state is obtained by quantum disordering the Néel
state (it occurs at κ < 0.4). The expectation values of
Qij have the same structure as those of the Néel state.
As described in previous works, the quantum fluctua-
tions in this phase can be understood via a compact U(1)
gauge theory.8 This theory is always confining, thus the
bα
i bosons bind to form a S = 1 quasiparticle above a spin
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Spin Structure Factor for Z2 Spin Liquid is very different 
from that of Cooperative Paramagnet 4

Pnz=0
2L −Pnz=1

2L = 4/3. Note the exponential dependence
on system length of the splitting, which is an explicit
demonstration of the topological order of this phase[19].
Furthermore, since this is a three-dimensional Z2 spin
liquid, this topological order will set in through a finite
temperature transition from the paramagnetic phase.

Going beyond the small κ expansion, the n10 = 0
ground states becomes unstable to magnetic ordering at
κ = κc = 0.4 (similarly the n10 = 1 states becomes unsta-
ble to magnetic ordering at κc = 0.8). This is remarkably
large, given that κc = 0.34 for a triangular lattice and
κc = 0.53 for the kagome lattice[11], since magnetic order
is expected to be more stable in three dimensions. The
spin ordering pattern obtained upon spinon condensation
in the n10 = 0 state is shown in Fig. 2a. In contrast to√

3 ×
√

3 state on the kagome lattice[11], this state has
no local weather-vane modes. Fluctuations within the
classical spin manifold can only occur along an infinitely
long thread with pattern BCBC. As a result, finite tem-
perature fluctuations may not select this state.

Lastly, consider the equal-time (energy integrated)
structure factor in the large-N limit. To make predic-
tions for neutron scattering experiments, a slightly dif-
ferent spin-spin exchange operator is useful to keep the
sum rule intact[11]. The required operator is (: O : de-
notes normal ordering)

“Si · Sj” =
κ

2
δi,j +

1
4

(
: B†

ijBij : −A†
ijAij

)
(14)

where Bij = 1
N

∑
m,σ b†mi,σ bm

j,σ is a hopping operator. Fig.
3 shows the [hhl]-plane and [h0l]-plane of the structure
factor, defined by

S(#k) =
∑

ij

1
Nsites

〈“Si · Sj”〉ei"k·("ri−"rj) (15)

near the quantum phase transition at κc = 0.4. Fig.
3a can be compared with similar results for the classical
model[8] in the co-operative paramagnetic regime. Along
the [hhh] direction, S(#k) differs considerably from the
classical behavior showing a finite width of this “ridge”
instead of a width vanishing with temperature as seen
in the cooperative paramagnetic phase of the classical
model. This finite width is due specifically to the Z2

structure of this spin liquid and its observation will lend
strong support to our theory. The dominant ordering
peaks occur at {q = (2π, 0, 4π), q = (4π, 0, 2π)} and sim-
ilar locations as shown in the [h0l]-plane plot of Fig 3b.
While these magnetic peaks coincide with lattice Bragg
peak locations, they may be observable with polarized
neutrons or by studying the temperature dependence of
an unpolarized signal.

In conclusion, we have studied the Sp(N) Schwinger
boson model on NIO’s hyper-kagome lattice. A spin
gapped Z2 spin liquid state, and a magnetically ordered
state are possible phases within this approach. The spin
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FIG. 3: The structure factor of the |0, 0, 0, 0〉 state at the
ordering transition at κ = 0.4. Along the [hhh]-direction (di-
agonal) a nodal line structure is absent in comparison to the
co-operative paramagnetic phase of the classical model. Or-
dering peaks occur at (h, k, l) = (2, 0, 1), (h, k, l) = (1, 0, 2)
and similar locations as shown in the [h0l]-plane.

liquid ground state we find contains zero flux through all
10 site loops, and the structure of the magnetically or-
dered state derived from it by spinon condensation was
established. Signatures in neutron scattering for both
the spin liquid and q = 0 magnetic ordered phases are
derived. Future experiments on NIO at temperatures be-
low those currently studied, would address the question
of the ground state of this system.
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(a) (b)

FIG. 2: Contour plots of the structure factor in the [hhl]
plane. (a) large-N theory at zero temperature. (b) Monte
Carlo simulations at T/J = 1/100 and L = 8. Axes range
from −4π to 4π and both plots are at the same resolution.

J) remains disordered down to quite low temperatures,
exhibiting very similar spin-spin correlations to those of
the large-N model. These correlations show a character-
istic dipolar structure in the reciprocal space, which can
be explained by a mapping to a gauge theory [15, 16]. On
the other hand, the spin correlations in the Ising (N = 1)
model turn out to be quite different.

Most interestingly, a first order transition to a long
range nematic order is observed in the Heisenberg model
at a finite temperature. As explained below, this nematic
order emerges via an “order by disorder” effect and rep-
resents the dominance of coplanar spin configurations. In
the disordered phase no evidence of magnetic ordering is
found while our numerical data cannot definitely confirm
the presence/absence of magnetic order at temperatures
below the onset of nematic order. We have also inves-
tigated the effect of an external magnetic field, h, and
found that a collinear order is chosen when h = 2J in
analogy to a similar study on the kagome lattice [17].

The lattice and local constraints.—The hyperkagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyperkagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
satisfies S∆ = 0 for every triangle while the constraint on
the Ising model is S∆ = ±1. Thus, from the outset, one
may expect that the physics of the larger-N models would
be different from the Ising case. This is different from the
antiferromagnet on the pyrochlore lattice where the Ising
and Heisenberg models satisfy the same constraint.

Large-N mean field theory.—Following Refs. 14, 15,
we rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·
Sj , where Mij is the interaction matrix that has
the information about the nearest-neighbor interac-
tion. The corresponding partition function is given by
Z =

∫

Dφ Dλ e−S(φ,λ) with the action S(φ, λ) =
∑

i,j

[

1
2Mijφi · φj + λi

2 δij(φi · φi − N)
]

, where φi is an
N -component real vector field and λi the Lagrange mul-
tiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q φq,µ · φq,ν with
Aµν

q
= Mµν

q
+ δµνλ0. Here λ0 and the eigenvalues, mq,ρ,

of the 12×12 interaction matrix Mµν
q

are determined by

the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

It is found that the lowest eigenvalue is four-fold de-
generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
that magnetic order is suppressed. The static spin-
spin correlation function can be computed via [14, 15]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ ·S−q,ν〉, in the [hhl] plane of the
reciprocal space is shown in Fig. 2. The presence of high
intensity along bow-tie structures is apparent and qual-
itatively similar to that found on the pyrochlore lattice.
As discussed below, the structure factor in the large-N
limit is very similar to that found by Monte Carlo for the
Heisenberg model (N = 3) above the nematic ordering
transition temperature, but quite different from the Ising
(N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (2)

where rij is a vector connecting sites i and j, and α, β =
x, y, z. The “dipolar vectors” ei are shown in Fig. 3.

In analogy to the pyrochlore [15], we may understand
the spin correlations in this system by mapping to a pure
Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyperkagome lattice;
the sites on the hyperkagome lattice should be placed on

Quantum Spin Liquid 
at T=0

Cooperative Paramagnet for 
T > J/100
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nite temperatures. In the quantum limit, a Z2 spin liquid
is found by introducing a “flux” enumeration technique in
conjunction with a recently proposed loop expansion[14].
To distinguish this phase from a cooperative paramag-
netic phase, the dynamic spin structure factor is inves-
tigated and a clear test is presented capable of distin-
guishing the two phases once single crystals of NIO are
available. As a byproduct of our analysis, the energy
level splitting of topological vision states, a hallmark of
Z2 spin liquids[19], is also presented.

In the semi-classical regime, we predict that the ground
state will have the 120o co-planer magnetic ordering
shown in Fig. 1a. This pattern is best characterized by
the BCBC pattern along the “threads”, paths shown by
the darker bonds, where ABC are three unit spin vectors
whose sum vanishes. This pattern is in striking contrast
to the

√
3×

√
3 state on the two-dimensional kagome lat-

tice which is also co-planer but with a BCBC pattern
around the hexagons. Since threads extend from one end
of the system to the other, this state is not expected to be
entropically selected, unlike the

√
3 ×

√
3 state, which is

consistent with the the entropically selected spin nematic
ordering found in the Monte Carlo study of Ref. 8. Fig.
1b shows the corresponding static spin structure factor in
the [h0!]-plane expected from this magnetic ordering al-
lowing a direct comparison of this prediction with future
neutron scattering experiments.

Although NIO is a spin 1/2 system, the absence of the
above magnetic ordering is still not enough information
to establish if the experiments are accessing new physics
in a quantum dominated regime. In particular, it is im-
portant to establish that NIO is not still in its classical
“cooperative” paramagnet phase even at the low temper-
atures studied. To this end, consider the dynamic spin
structure factors S("k, ω) depicted in Fig. 2. The energy
integrated plot, Fig. 2a predicted from the Sp(N) Z2

spin liquid ground state can be compared directly with
the classical spin structure factor in Fig. 2b[8]. Along
the diagonal of the [hhl] cut, that is along the [hhh]-
direction, a “ridge” is found with a finite width in Fig
2a but a vanishing width in Fig. 2b. It turns out, this
vanishing width is a universal feature due to the geomet-
rical constraint felt by classical spins on this lattice. So,
its absence suggests that quantum fluctuations related
to a Z2 spin liquid ground state may be responsible. In
addition to this ridge, at low energies, the dynamic struc-
ture factor S("k, ω) of a quantum spin liquid vanishes[15]
if the energy !ω < ε("q) + ε("q − "k) is not enough to cre-
ate two spinons for any value of "q with dispersion ε("k).
The resulting threshold is plotted in Fig. 2c-d for two
cuts with the shaded region emphasizing that in general
S("k, ω) $= 0 above the threshold.

The model. Consider now the nearest neighbor Sp(N)
Schwinger boson model on NIO’s hyper-kagome lattice.
At N = 1, this model is just the Schwinger boson repre-

(a)Sp(N) hhl-plane (energy
integrated)

(b)Classical MC hhl-plane[8]

(c)hhhω-plane (two-spinon threshold)

FIG. 2: The dynamic structure factor of the zero-flux state
near the ordering transition at κ = 0.4. Plots a) and b) are
energy integrated and display the [h0"] and [hh"] planes. Plots
c) and d) show the threshold of the two-spinon continuum;

below the solid line, S(#k, ω) vanishes (the shaded region just

emphasizes that generally S(#k, ω) != 0 above the threshold).

sentation of the quantum anti-ferromagnetic Heisenberg
model[16]:

H = J
∑

〈ij〉

"Si · "Sj = −J

2

∑

〈ij〉

[
A†

ijAij − 2S2
]

(1)

where the spin operators are "Si = 1
2biσ"τσ,σ′biσ′ and A†

ij =
b†i↑b

†
j↓−b†i↓b

†
j↑ is a singlet creation operator. To represent

spins, a constraint on the bosonic Hilbert space imposing∑
σ b†iσbiσ ≡ ni = 2S bosons on each site is necessary,

where S is the size of the spin. The large-N limit is then
obtained by introducing N flavors of Schwinger bosons,
bm
iσ, m ∈ {1, . . . , N} and letting A†

ij →
∑N

m=1 A†m
ij create

a singlet for each flavor. The resulting Hamiltonian is
then Sp(N) symmetric since this symmetry is defined by
all transformations that leave

∑N
m=1 Am

ij invariant. In
the N → ∞ limit, fluctuations are controlled by 1/N
and the Hamiltonian reduces to

HSp(N) = J
∑

〈ij〉

[
N

2
|Qij |2−

N∑

m=1

(
QijA

†m
ij − Q∗

ijAm
ij

)]

+
∑

i

λi

(
N∑

m=1

nm
i − Nκ

)
(2)
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Thermal order by disorder

J ≈ 280 K
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Pnz=0
2L −Pnz=1

2L = 4/3. Note the exponential dependence
on system length of the splitting, which is an explicit
demonstration of the topological order of this phase[19].
Furthermore, since this is a three-dimensional Z2 spin
liquid, this topological order will set in through a finite
temperature transition from the paramagnetic phase.

Going beyond the small κ expansion, the n10 = 0
ground states becomes unstable to magnetic ordering at
κ = κc = 0.4 (similarly the n10 = 1 states becomes unsta-
ble to magnetic ordering at κc = 0.8). This is remarkably
large, given that κc = 0.34 for a triangular lattice and
κc = 0.53 for the kagome lattice[11], since magnetic order
is expected to be more stable in three dimensions. The
spin ordering pattern obtained upon spinon condensation
in the n10 = 0 state is shown in Fig. 2a. In contrast to√

3 ×
√

3 state on the kagome lattice[11], this state has
no local weather-vane modes. Fluctuations within the
classical spin manifold can only occur along an infinitely
long thread with pattern BCBC. As a result, finite tem-
perature fluctuations may not select this state.

Lastly, consider the equal-time (energy integrated)
structure factor in the large-N limit. To make predic-
tions for neutron scattering experiments, a slightly dif-
ferent spin-spin exchange operator is useful to keep the
sum rule intact[11]. The required operator is (: O : de-
notes normal ordering)

“Si · Sj” =
κ

2
δi,j +

1
4

(
: B†

ijBij : −A†
ijAij

)
(14)

where Bij = 1
N

∑
m,σ b†mi,σ bm

j,σ is a hopping operator. Fig.
3 shows the [hhl]-plane and [h0l]-plane of the structure
factor, defined by

S(#k) =
∑

ij

1
Nsites

〈“Si · Sj”〉ei"k·("ri−"rj) (15)

near the quantum phase transition at κc = 0.4. Fig.
3a can be compared with similar results for the classical
model[8] in the co-operative paramagnetic regime. Along
the [hhh] direction, S(#k) differs considerably from the
classical behavior showing a finite width of this “ridge”
instead of a width vanishing with temperature as seen
in the cooperative paramagnetic phase of the classical
model. This finite width is due specifically to the Z2

structure of this spin liquid and its observation will lend
strong support to our theory. The dominant ordering
peaks occur at {q = (2π, 0, 4π), q = (4π, 0, 2π)} and sim-
ilar locations as shown in the [h0l]-plane plot of Fig 3b.
While these magnetic peaks coincide with lattice Bragg
peak locations, they may be observable with polarized
neutrons or by studying the temperature dependence of
an unpolarized signal.

In conclusion, we have studied the Sp(N) Schwinger
boson model on NIO’s hyper-kagome lattice. A spin
gapped Z2 spin liquid state, and a magnetically ordered
state are possible phases within this approach. The spin
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FIG. 3: The structure factor of the |0, 0, 0, 0〉 state at the
ordering transition at κ = 0.4. Along the [hhh]-direction (di-
agonal) a nodal line structure is absent in comparison to the
co-operative paramagnetic phase of the classical model. Or-
dering peaks occur at (h, k, l) = (2, 0, 1), (h, k, l) = (1, 0, 2)
and similar locations as shown in the [h0l]-plane.

liquid ground state we find contains zero flux through all
10 site loops, and the structure of the magnetically or-
dered state derived from it by spinon condensation was
established. Signatures in neutron scattering for both
the spin liquid and q = 0 magnetic ordered phases are
derived. Future experiments on NIO at temperatures be-
low those currently studied, would address the question
of the ground state of this system.
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(a) (b)

FIG. 2: Contour plots of the structure factor in the [hhl]
plane. (a) large-N theory at zero temperature. (b) Monte
Carlo simulations at T/J = 1/100 and L = 8. Axes range
from −4π to 4π and both plots are at the same resolution.

J) remains disordered down to quite low temperatures,
exhibiting very similar spin-spin correlations to those of
the large-N model. These correlations show a character-
istic dipolar structure in the reciprocal space, which can
be explained by a mapping to a gauge theory [15, 16]. On
the other hand, the spin correlations in the Ising (N = 1)
model turn out to be quite different.

Most interestingly, a first order transition to a long
range nematic order is observed in the Heisenberg model
at a finite temperature. As explained below, this nematic
order emerges via an “order by disorder” effect and rep-
resents the dominance of coplanar spin configurations. In
the disordered phase no evidence of magnetic ordering is
found while our numerical data cannot definitely confirm
the presence/absence of magnetic order at temperatures
below the onset of nematic order. We have also inves-
tigated the effect of an external magnetic field, h, and
found that a collinear order is chosen when h = 2J in
analogy to a similar study on the kagome lattice [17].

The lattice and local constraints.—The hyperkagome
lattice, relevant to Na4Ir3O8, can be represented by the
simple cubic lattice with a twelve-site basis, as shown in
Fig. 1. This lattice is also a three-dimensional network
of corner-sharing triangles. The model for the classical
nearest-neighbor antiferromagnet on the hyperkagome
lattice can be written as

H = J
∑

〈ij〉

Si · Sj =
J

2

∑

∆

(S∆)2 + constant, (1)

where J > 0, 〈i, j〉 represents the sum over the nearest-
neighbors, and Si = (S1

i , ..., SN
i ) are N -component spins

of fixed length N . S∆ =
∑

iε∆ Si is the vectorial sum
of the spins in each triangle and

∑

∆ represents the sum
over all triangles. For N ≥ 2, the classical ground state
satisfies S∆ = 0 for every triangle while the constraint on
the Ising model is S∆ = ±1. Thus, from the outset, one
may expect that the physics of the larger-N models would
be different from the Ising case. This is different from the
antiferromagnet on the pyrochlore lattice where the Ising
and Heisenberg models satisfy the same constraint.

Large-N mean field theory.—Following Refs. 14, 15,
we rewrite the Hamiltonian as H = T

2

∑

i,j MijSi ·
Sj , where Mij is the interaction matrix that has
the information about the nearest-neighbor interac-
tion. The corresponding partition function is given by
Z =

∫

Dφ Dλ e−S(φ,λ) with the action S(φ, λ) =
∑

i,j

[

1
2Mijφi · φj + λi

2 δij(φi · φi − N)
]

, where φi is an
N -component real vector field and λi the Lagrange mul-
tiplier for the constraint φi · φi = N .

Now we take the N → ∞ limit and set a uniform
λi = λ0. The locations i = (l, µ) of spins can be la-
beled by those of the cubic unit cell l = 1, ..., nc and
the lattice sites µ = 1, ..., 12 within the unit cell (nc is
the total number of the unit cells in the lattice). The
Fourier transform with respect to the positions of the
unit cells leads to S =

∑

q

∑

µ,ν
1
2Aµν

q φq,µ · φq,ν with
Aµν

q
= Mµν

q
+ δµνλ0. Here λ0 and the eigenvalues, mq,ρ,

of the 12×12 interaction matrix Mµν
q

are determined by

the saddle point equation, 12nc =
∑

q

∑12
ρ=1

1
λ0+mq,ρ

.

It is found that the lowest eigenvalue is four-fold de-
generate and independent of the wavevector. The next
lowest eigenvalue has a dispersion and becomes the same
as the lowest eigenvalue only at q = 0. These fea-
tures are very similar to those in the kagome and py-
rochlore lattices. These results imply that the spin
structure of this system is indeed highly frustrated and
that magnetic order is suppressed. The static spin-
spin correlation function can be computed via [14, 15]

〈Sq,µ · S−q,ν〉 =
∑12

ρ=1
Uq,µρU

−q,νρ

λ0+mq,ρ
, where Uq,µρ is a uni-

tary transformation that diagonalizes the interaction ma-
trix, Mµν

q . At zero temperature, the four degenerate
eigenvalues dominate the behavior of the spin-spin corre-
lation function. The resulting zero temperature structure
factor, S(q) =

∑

µν〈Sq,µ ·S−q,ν〉, in the [hhl] plane of the
reciprocal space is shown in Fig. 2. The presence of high
intensity along bow-tie structures is apparent and qual-
itatively similar to that found on the pyrochlore lattice.
As discussed below, the structure factor in the large-N
limit is very similar to that found by Monte Carlo for the
Heisenberg model (N = 3) above the nematic ordering
transition temperature, but quite different from the Ising
(N = 1) case.

Dipolar spin correlations.—We found that the real
space spin-spin correlation function at long distances is
well described by the following dipolar form.

〈Sα
i Sβ

j 〉 ∝ δαβ

[

3(ei · rij)(ej · rij)

|rij |5
−

ei · ej

|rij |3

]

, (2)

where rij is a vector connecting sites i and j, and α, β =
x, y, z. The “dipolar vectors” ei are shown in Fig. 3.

In analogy to the pyrochlore [15], we may understand
the spin correlations in this system by mapping to a pure
Maxwellian action with a “Gauss law” constraint. We
first consider a dual lattice of the hyperkagome lattice;
the sites on the hyperkagome lattice should be placed on
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Antisite disorder and the magnetic groundstate of an experimental S = 1/2 kagomé
antiferromagnet.

M.A.de Vries,1, ∗ K.V.Kamenev,2 W.A.Kockelmann,3 J.Sanchez-Benitez,2 and A.Harrison4, 1

1 CSEC and School of Chemistry, The University of Edinburgh, Edinburgh, EH9 3JZ, UK
2 CSEC and School of Engineering & Electronics,
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We carried out neutron powder-diffraction measurements, and studied the heat capacity in fields
between 0 and 9 T of zinc paratacamite ZnxCu4−x(OH)6Cl2 with x = 1 and 0.5 ≤ x ≤ 1 respectively.
The x = 1 phase has recently been shown to be an outstanding realisation of the S = 1/2 kagomé
antiferromagnet, in which no symmetry-breaking transition is observed down to 50 mK. We show
that due to the presence of antisite disorder between the Cu and the Zn sites, systems with 0.8 ≤
x ≤ 1 model the kagomé antiferromagnet equally well. Within this range of Zn stoichiometries
x the system gradually develops a magnetic hysteresis and no quantum-critical phase transition
is found. By correcting for the contributions of the antisite spins, we obtain for the first time
estimates for the heat capacity and non-zero magnetic susceptibility of an experimental S = 1/2
kagomé antiferromagnet.

PACS numbers: 75.40.Cx,75.45.+j,75,30.Hx

Physical realisations of the S = 1/2 kagomé Heisen-
berg antiferromagnet have been long sought after be-
cause it is expected that the groundstate of this sys-
tem can retain the full symmetry of the underlying ef-
fective magnetic Hamiltonian [1, 2]. The geometry of
the kagomé lattice frustrates the classical Néel antifer-
romagnetic ordering, and no symmetry-breaking tran-
sition is expected even at T = 0 [3, 4, 5, 6]. It has
been suggested that even in the thermodynamic limit the
symmetric quantum-mechanical electronic groundstate is
protected from quantum-mechanical dissipation [7] by a
gap between the non-magnetic groundstate and the low-
est magnetic (triplet) excitations [8, 9]. If this is correct,
then the magnetic susceptibility should vanish for T → 0
in real systems.

Shores et al. [10] have shown that in the Cu salt her-
bertsmithite [11] (ZnCu3(OH)6Cl2, depicted in the inset
of figure 1) antiferromagnetically coupled Cu2+ ions are
located at the vertices of a kagomé lattice. Muon exper-
iments have shown that the groundstate of this system
is either paramagnetic or spin-liquid. Almost no muon
relaxation was observed even at 50 mK [12], despite the
large Weiss temperature θw ≈ −300 K [10, 13]. Sepa-
rating the kagomé layers are Zn sites of Oh symmetry,
which can also host Cu2+ ions to form the zinc parata-
camite family of stoichiometry ZnxCu4−x(OH)6Cl2 with
0 < x ≤ 1. For Zn2+ stoichiometries x < 0.3, the Zn
site is mainly occupied by Jahn-Teller active Cu2+ ions,
and becomes angle distorted. At this point the symme-
try of the lattice changes from rhombohedral (x > 0.3) to
monoclinic, forming the end-member clinoatacamite [14].
Due to the strong Jahn-Teller distortion of the Cu sites
on the kagomé lattice, the antisite disorder between the

Cu and the Zn sites in the x = 1 phase can be expected
to be low, but exactly how low has not been measured
accurately at present. From the magnetic susceptibility
of samples with x < 1 it is clear that the Cu2+ ions on the
inter-plane Zn site are only weakly coupled to the kagomé
layers, and it has been suggested that the divergence of
the magnetic susceptibility for x = 1 at low temperatures
can be explained by antisite permutations of 6-7% of the
Cu2+ ions with ∼ 19% of the Zn2+ [15, 16].

To be able to account for the antisite disorder in the
further analysis of the system, the Cu2+/Zn2+ antisite
disorder was measured using neutron powder diffraction
at the Rotax neutron time-of-flight diffractometer at the
ISIS facility, United Kingdom. We used a 4 g powder
sample of deuterated x = 1 Zn-paratacamite, synthe-
sised using the hydrothermal method as described in [10].
For the synthesis 99% D2O and partially deuterated
Cu2(OH)2CO3 were used, and the preparation and filtra-
tion were carried out in a nitrogen-filled glove bag. The
purity of the samples and Cu2+ to Zn2+ ratio were ver-
ified with powder x-ray diffraction and Inductively Cou-
pled Plasma Auger Electron Spectroscopy (ICP-AES)
with an accuracy of ±0.03 in x. Neutron-diffraction data
were collected at 285, 150 and 10 K, and Rietveld anal-
ysed against the structure as reported in [10]. No struc-
tural changes were observed with temperature, and the
level of deuteration refined to 94.0(6)%. During the re-
finement the total Cu:Zn ratio was constrained to 3:1, as
measured independently using ICP-AES, and it was also
assumed there were no vacant Zn or Cu sites. In this
way the Cu2+ occupancy on the kagomé lattice refined to
91(2)%, corresponding to a Zn2+ occupancy of the inter-
plane Zn site of 73(6)%, for the highest-statistics data set
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Nearly two decades ago, Anderson proposed that the resonating
valence bond (RVB) state may explain the scatterless hole transport
encountered in doped rare-earth cuprates.1 The quantum spin liquid
phase responsible for RVB is most likely to be found in low-
dimensional, low-spin, and geometrically frustrated systems.2

Accordingly, most theoretical investigations of RVB have concen-
trated on S ) 1/2 antiferromagnets in kagomé (corner-sharing
triangular) lattices due to the higher degree of geometric frustration.3

Materials featuring such lattices are predicted to display no long-
range magnetic order due to competing antiferromagnetic interac-
tions between nearest-neighbor spin centers. Though long sought,
“no perfect S ) 1/2 Kagomé antiferromagnet has been up to now
synthesized”,4 and accordingly, most theoretical predictions of such
a lattice remain untested. Herein, we report the synthesis and
preliminary magnetic properties of a rare, phase-pure, copper
hydroxide chloride mineral featuring structurally perfect S ) 1/2
kagomé layers separated by diamagnetic Zn(II) cations.
We have employed a redox-based hydrothermal protocol to

prepare pure, single-crystal jarosite-based materials (AM3(OH)6-
(SO4)2, A ) alkali metal ion, M ) V, Cr, Fe).5 These compounds
feature kagomé lattices composed of M3(OH)6 triangles; when M
) Fe(III), spins are antiferromagnetically coupled and frustrated.6

Substitution of the magnetic ion of Fe(III) (S ) 5/2) by Cu(II) (S )
1/2) was attempted, but charge imbalance on the kagomé layers
appears to prevent the preparation of a Cu(II) jarosite. We therefore
turned our attention to developing hydrothermal methods for the
preparation of the topologically similar kagomé series composed
of Cu(II) ionssthe atacamitessof general formula MCu3(OH)6Cl2
(M ) Co, Ni, Cu, Zn).7 Our initial attempts to prepare these rare
minerals in pure form began with the treatment of malachite
(Cu2(OH)2CO3) with NaCl and HBF4 under hydrothermal conditions
to form a blue microcrystalline compound whose powder X-ray
diffraction pattern is consistent with that of the mineral claringbullite
(PDF 86-0899),8 where Cu(II) ions occupy the interlayer M site
of MCu3(OH)6Cl2. Further hydrothermal treatment of this solid with
a large excess of ZnCl2 afforded a green powder interdispersed
with triangular plate crystals of MCu3(OH)6Cl2 possessing a mixed
M-site occupancy of Zn2+ and Cu2+.
It is known that a solid solution exists for naturally occurring

ZnxCu4-x(OH)6Cl2 specimens, such that even macroscopically
“single” crystals may exhibit variable Cu/Zn composition at the
interlayer site.7 For x < 0.33, the crystal symmetry is monoclinic,
resulting in a distorted kagomé lattice. At x ) 0.33, the crystal
symmetry increases to rhombohedral, and the Cu triangular
plaquettes become equilateral. This high symmetry phase of
intermediate Zn occupancy (0.33 e x < 1) is known as Zn-
paratacamite (1).10 The compositional end members are known as
clinoatacamite9 (x ) 0) and herbertsmithite (2) (x ) 1).10

The single-crystal X-ray structure of the compound with 33%
Zn occupancy is shown in Figure 1. Details of the structure solution

and refinement are provided in the Supporting Information. Two
geometrically distinct metal sites are found. On the first site, a Cu-
(II) ion is surrounded by four equatorial hydroxide ligands and two
distant axial chloride ligands. The hydroxide ligands bridge copper
centers to form a kagomé lattice composed of {Cu3(OH)6} triangles.
On the other site, a Zn(II) ion is ligated by six hydroxide ligands
in a trigonally compressed octahedral geometry. This site serves
to link the kagomé layers into a dense three-dimensional structure.
Although it is difficult to differentiate Cu and Zn by standard X-ray
analysis, the two sites’ distinct coordination environments suggest
that the Jahn-Teller distorted Cu(II) ion should rest on the
tetragonally elongated intralayer site, whereas the d10 Zn(II) ion
should reside on the higher symmetry interlayer site. In support of
this contention, several refinements of the structure were carried
out in which either Zn or a Cu/Zn mixture was included on the
intralayer site; all resulted in a significant increase in refinement
residuals. Thus, Zn occupancy on the intralayer site is not
reasonable. Upon refinement of the interlayer site, however, it was
found that there was a slight but statistically significant preference11

for a Cu/Zn mixture rather than Zn alone, such that Zn site
occupancy refined to 33%. Best refinements of other crystals
harvested from batch reactions show that Zn occupancy varies from
crystal to crystal. These results highlight the difficulty of using
X-ray diffraction to determine Zn/Cu composition. All materials
used in these studies were therefore subject to chemical analysis
to ascertain the Zn/Cu stoichiometry.
The presence of Cu(II) ions in intra- and interlayer sites

contributes to the overall magnetic susceptibility. To unravel the
magnetic contributions of Cu(II) in the different sites, a series of

Figure 1. Crystal structure of Zn-paratacamite (1), Zn0.33Cu3.67(OH)6Cl2.
Left: local coordination environment of intralayer Cu3(OH)3 triangles and
interlayer Zn2+/Cu2+ ion; the projection is parallel to the crystallographic
c axis. Right: the {Cu3(OH)6} kagomé lattice, projected perpendicular to
the c axis. The pure Zn2+-substituted compound 2 is isostructural to 1.
Selected interatomic distances (Å) and angles (deg) for 2: Zn-O, 2.101-
(5); Cu-O, 1.982(2); Cu-Cl, 2.7698(17); Zn‚‚‚Cu, 3.05967(16); O-Zn-
O, 76.21(18), 103.79(18), 180.00(19); O-Cu-O, 81.7(3), 98.3(3), 180.0;
O-Cu-Cl, 82.31(11), 97.68(11); Cl-Cu-Cl, 180.0; Cu-O-Cu, 119.1-
(2); Cu-O-Zn, 97.04(15).
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Figure 1 Local crystal structure and phase diagram of ZnxCu4−x (OD)6Cl2. a, Local environments around the non-magnetic Zn2+ ion (grey spheres) at the triangular site
and the magnetic Cu2+ ions (blue spheres) at the neighbouring kagome sites. The kagome Cu2+ ions are surrounded by four O2− (red spheres) and two Cl− ions in a distorted
octahedral environment with an elongation along the Cl− axis. Here, for simplicity, only O2− ions are shown. The Zn2+ ion is surrounded by six O2− ions in a perfect octahedral
environment. b, Local oxygen environments around the triangular site when the Zn2+ ion is replaced by a magnetic Cu2+ ion. Because a Cu2+ ion is Jahn–Teller active, its
oxygen octahedron distorts. The Cu2+−O2− bonds where the wavefunctions of their unpaired electrons overlap are shown by grey bars. The superexchange interaction
between nearest-neighbouring Cu2+ moments mediated via oxygen is very sensitive to the Cu–O–Cu bond angle, θ, and it changes from strongly antiferromagnetic when
θ = 180◦ to zero when θ ≈ 95◦ to ferromagnetic when θ < 95◦ (refs 26,27). These angles are shown in the figure and indicate that interactions between the kagome Cu2+

and the doped triangular Cu2+ spins are weak, which makes the Cu2+ moments at the triangular sites almost independent spins and thus makes ZnxCu4−x (OD)6Cl2 a weakly
coupled kagome system for all Zn concentrations x. c, The spin structure of Cu4(OD)6Cl2 determined by fitting our elastic-neutron-scattering data shown in the inset of
Fig. 2a to a model of kagome spins only (see the caption of Fig. 2a for the details). The spins are collinear with each other: the up and down arrows represent antiparallel
spins in the Néel state T < TN = 7 K. The kagome lattice is slightly distorted in Cu4(OD)6Cl2 to have two bond lengths, 3.41 and 3. 42 Å. The neighbouring spins with the
shorter bond length are antiparallel whereas those with the longer bond length are parallel. The dashed lines represent the chemical and magnetic unit cell. The ovals
represent the quantum singlets (|↑↓〉−|↓↑〉) in the VBS state of Cu4(OD)6Cl2, T < Tc = 20 K. d, Phase diagram of ZnxCu4−x (OD)6Cl2 as a function of temperature and
doping. The term Néel +VBS is supposed to describe how the Néel state contains the antiparallel spin alignment found in the higher-temperature VBS state around the
dominant exchange interactions of the distorted lattice.

This explanation is supported by the doping effect of non-magnetic
Zn2+ ions. The Néel order weakens on Zn doping, and disappears
somewhere between x = 0.4 and 0.66 (Fig. 3a). The h̄ω1 mode is
present as long as the Néel order is present (Fig. 3b), but it shifts
to lower energies as the ordered moment decreases. In a similar
way the h̄ω1 decreases as temperature increases in the x = 0 sample
(Fig. 2b). This is because the ordered moment decreases with T
(<TN) (see Fig. 2a).

The h̄ω0 =7.2 meV mode of the x =0 system, in contrast to the
h̄ω1 mode, exists up to Tc ∼20 K, which is well above its Néel phase
(TN = 7 K) (red circles in Fig. 2a). Indeed, previous specific-heat,
bulk-susceptibility17 and muon-spin-resonance measurements16

indicated a transition at ∼18 K. This confirms that the development
of the h̄ω0 mode below Tc represents a phase transition between
two different states. The question that arises is what kind of states
they are. The value of h̄ω0 does not change below Tc (the right-
hand side of Fig. 2b), which starkly contrasts with the behaviour
of the h̄ω1 mode below TN. In addition, the momentum (Q)

dependence of the h̄ω0 mode has a peak at 1.1 Å−1, which is
different from that of the h̄ω1 mode, which has a peak at ∼0.6 Å−1

(Fig. 4a). These facts clearly tell us that the h̄ω0 mode is not related
to any spin wave of the Néel state.

The origin of the h̄ω0 = 7.2 meV mode can be elucidated
by its Q dependence. As shown in Fig. 4a, the Q dependence
of the h̄ω0 mode (red circles) resembles that of the singlet-to-
triplet excitations of spin dimers (red line), 1 − (sin(Qr0)/Qr0)
(refs 22,23), with r0 = 3.41 Å, which is the distance between the
nearest-neighbour Cu2+ (S = 1/2) ions in the kagome lattice.
Furthermore, the mode energy h̄ω0 = 7.2 meV is close to the
estimated coupling constant for Cu4(OD)6Cl2, J ∼ 9.7 meV from
bulk susceptibility data. A recent study24 fitted the data of
ZnxCu4−x(OD)6Cl2 with x = 1 to a kagome lattice Heisenberg
model using a numerical linked-cluster method and yielded
J = 170 K = 14.6 meV for x = 1. It is reported that the Curie–Weiss
temperature decreases when the Zn concentration decreases13. If we
scale the coupling constant accordingly, we obtain J ∼ 9.7 meV for
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Figure 1 Local crystal structure and phase diagram of ZnxCu4−x (OD)6Cl2. a, Local environments around the non-magnetic Zn2+ ion (grey spheres) at the triangular site
and the magnetic Cu2+ ions (blue spheres) at the neighbouring kagome sites. The kagome Cu2+ ions are surrounded by four O2− (red spheres) and two Cl− ions in a distorted
octahedral environment with an elongation along the Cl− axis. Here, for simplicity, only O2− ions are shown. The Zn2+ ion is surrounded by six O2− ions in a perfect octahedral
environment. b, Local oxygen environments around the triangular site when the Zn2+ ion is replaced by a magnetic Cu2+ ion. Because a Cu2+ ion is Jahn–Teller active, its
oxygen octahedron distorts. The Cu2+−O2− bonds where the wavefunctions of their unpaired electrons overlap are shown by grey bars. The superexchange interaction
between nearest-neighbouring Cu2+ moments mediated via oxygen is very sensitive to the Cu–O–Cu bond angle, θ, and it changes from strongly antiferromagnetic when
θ = 180◦ to zero when θ ≈ 95◦ to ferromagnetic when θ < 95◦ (refs 26,27). These angles are shown in the figure and indicate that interactions between the kagome Cu2+

and the doped triangular Cu2+ spins are weak, which makes the Cu2+ moments at the triangular sites almost independent spins and thus makes ZnxCu4−x (OD)6Cl2 a weakly
coupled kagome system for all Zn concentrations x. c, The spin structure of Cu4(OD)6Cl2 determined by fitting our elastic-neutron-scattering data shown in the inset of
Fig. 2a to a model of kagome spins only (see the caption of Fig. 2a for the details). The spins are collinear with each other: the up and down arrows represent antiparallel
spins in the Néel state T < TN = 7 K. The kagome lattice is slightly distorted in Cu4(OD)6Cl2 to have two bond lengths, 3.41 and 3. 42 Å. The neighbouring spins with the
shorter bond length are antiparallel whereas those with the longer bond length are parallel. The dashed lines represent the chemical and magnetic unit cell. The ovals
represent the quantum singlets (|↑↓〉−|↓↑〉) in the VBS state of Cu4(OD)6Cl2, T < Tc = 20 K. d, Phase diagram of ZnxCu4−x (OD)6Cl2 as a function of temperature and
doping. The term Néel +VBS is supposed to describe how the Néel state contains the antiparallel spin alignment found in the higher-temperature VBS state around the
dominant exchange interactions of the distorted lattice.

This explanation is supported by the doping effect of non-magnetic
Zn2+ ions. The Néel order weakens on Zn doping, and disappears
somewhere between x = 0.4 and 0.66 (Fig. 3a). The h̄ω1 mode is
present as long as the Néel order is present (Fig. 3b), but it shifts
to lower energies as the ordered moment decreases. In a similar
way the h̄ω1 decreases as temperature increases in the x = 0 sample
(Fig. 2b). This is because the ordered moment decreases with T
(<TN) (see Fig. 2a).

The h̄ω0 =7.2 meV mode of the x =0 system, in contrast to the
h̄ω1 mode, exists up to Tc ∼20 K, which is well above its Néel phase
(TN = 7 K) (red circles in Fig. 2a). Indeed, previous specific-heat,
bulk-susceptibility17 and muon-spin-resonance measurements16

indicated a transition at ∼18 K. This confirms that the development
of the h̄ω0 mode below Tc represents a phase transition between
two different states. The question that arises is what kind of states
they are. The value of h̄ω0 does not change below Tc (the right-
hand side of Fig. 2b), which starkly contrasts with the behaviour
of the h̄ω1 mode below TN. In addition, the momentum (Q)

dependence of the h̄ω0 mode has a peak at 1.1 Å−1, which is
different from that of the h̄ω1 mode, which has a peak at ∼0.6 Å−1

(Fig. 4a). These facts clearly tell us that the h̄ω0 mode is not related
to any spin wave of the Néel state.

The origin of the h̄ω0 = 7.2 meV mode can be elucidated
by its Q dependence. As shown in Fig. 4a, the Q dependence
of the h̄ω0 mode (red circles) resembles that of the singlet-to-
triplet excitations of spin dimers (red line), 1 − (sin(Qr0)/Qr0)
(refs 22,23), with r0 = 3.41 Å, which is the distance between the
nearest-neighbour Cu2+ (S = 1/2) ions in the kagome lattice.
Furthermore, the mode energy h̄ω0 = 7.2 meV is close to the
estimated coupling constant for Cu4(OD)6Cl2, J ∼ 9.7 meV from
bulk susceptibility data. A recent study24 fitted the data of
ZnxCu4−x(OD)6Cl2 with x = 1 to a kagome lattice Heisenberg
model using a numerical linked-cluster method and yielded
J = 170 K = 14.6 meV for x = 1. It is reported that the Curie–Weiss
temperature decreases when the Zn concentration decreases13. If we
scale the coupling constant accordingly, we obtain J ∼ 9.7 meV for
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I. INTRODUCTION

These notes outline our study of a theory of the recent experiment on Paratacamite(Lee

et al., 2007). We make the primary assumption that the distortion of the lattice is the cause

of the observed phase diagram. Namely, for undoped Paratacamite (or nearly undoped),

the ground state is Neel ordered and a Valence bond solid phase is observed above TN 7K

up to TV BS 20K.

Since the observed distorted kagome lattice is somewhat difficult to visualize we will begin

by mapping to the topologically equivalent decorated “brick-wall” lattice. The mapping and

this new lattice is shown in Fig. 1. In what follows, our focus will be on a Heisenberg model

on this lattice with both the solid bonds (the set of bonds b1) with exchange coupling J and

dashed bonds (the set of bonds b2) with exchange coupling J ′.

FIG. 1 Mapping a distorted kagome lattice onto the simpler brick-wall lattice with particular next

neighbor bonds given by the thin lines.

II. CLASSICAL GROUND STATES

To find the ground states of the classical Heisenberg J − J ′ brick wall lattice model, we

turn to the Luttinger-Tisza method. The method will be outlined in general in the next

section and then applied to the brick-wall lattice in the following section.

A. The Luttinger-Tisza method

Consider the classical Heisenberg Hamiltonian of interacting 3-component unit vectors ŝi

on a Bravais lattice {!a1,!a2, . . .} with an n-point basis {!dα|1 ≤ α ≤ n}

H =
1

2

∑

ij

Jij ŝi · ŝj (1)

Distorted Kagome Lattice

J J ′ bond length

3.41Å 3.42Å

Classical O(N) model; Large-N limit

J ′/J < 0.5collinear magnetic ordering for

with moderate can be stabilized up to  J ′/J ∼ 1 J3 < 0

J ′/J ≈ 1/3

Goodenough-Kanamori rule
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FIG. 2: The large-N Sp(N) mean field phase diagram. In
the small (large) J ′/J regime, the Néel (incommensurate)
long/short range ordered (LRO/SRO) phases arise. The inset
represents the Néel ordering pattern.

and collinear Néel order found in this experiment.

We study the antiferromagnetic Heisenberg model on
the distorted kagome lattice shown in Fig. 1, ignoring
weak coupling between kagome layers. There exist two
inequivalent exchange interactions, J > J ′, where J cor-
responds to the shorter bond-length (see Fig. 1). We are
mostly interested in the zero temperature ground states
of this model and their connection to the experiment.
Using the Cu-O-Cu angles identified in the experiment,
one can utilize the Goodenough-Kanamori rule to get
J ′/J ≈ 0.3 [14]. In the classical Heisenberg model, we
find that energetics chooses the collinear magnetically or-
dered state shown in Fig. 2 for J ′/J < 0.5 and there exist
highly degenerate classical ground states for J ′/J > 0.5.
The collinear state for J ′/J < 0.5 has precisely the same
magnetic order found in the low temperature phase in
Zn-paratacamite for small x.

We then investigate the effect of quantum fluctuations
and possible quantum paramagnetic phases. We use
the well-documented method of the Sp(N)-generalized
Heisenberg model where one can change the magnitude
of “spin” to control the degree of quantum fluctuations
[13, 15]. The large-N mean field phase diagram of this
model is presented in Fig. 2. Note that one gets the
same collinear magnetically ordered state for large “spin”
for J ′/J < 0.5-0.8. Understanding of the nature of the
quantum paramagnetic phase for small “spin”, however,
requires careful analysis of the spin Berry’s phase and
quantum fluctuation effect about the saddle point solu-
tion [15, 16]. We show that the resulting quantum para-
magnetic state is a VBS phase depicted in Fig. 3a. We
call this the “pin-wheel” VBS state. It is to be distin-
guished from the “columnar” VBS state (shown in Fig.
3b) which was suggested as a candidate valence bond or-
der in the experimental work [1]. It can be shown[15]
that the “pin-wheel” state can lower the energy by the
resonating moves of dimers around the “pin-wheel” struc-
tures.

In order to provide definite predictions for the valence
bond solid phase, we compute the triplon dispersions
(shown in Fig. 3c-d) for both of the VBS phases and

(a)Pin-wheel state (b)Columnar state
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FIG. 3: Pin-wheel and columnar VBS states and their corre-
sponding lowest energy triplon excitation spectra.

suggest that inelastic neutron scattering will be able to
distinguish these phases via their quite different triplon
dispersions when a single crystal sample becomes avail-
able. We also suggest that an X-ray scattering experi-
ment may clearly distinguish the two VBS ordering pat-
terns via their different further lattice distortions induced
by the ordering. The expected X-ray structure factors for
both phases are shown in Fig. 4.

Classical Heisenberg Model.– Possible magnetic order-
ing patterns in the classical Heisenberg model can be
investigated by studying the O(N) model in the large-N
limit [17]. The classical O(N) model can be written as

H =
1

2

∑

rr′

Jrr′
!φr · !φr′ +

∑

r

λr(!φr · !φr − N), (1)

where !φ = (φ1, φ2, ..., φN ) is an N -component real-valued
vector, Jrr′ = J1, J2 for the corresponding bonds and
λr = λ1, λ2 are Lagrange mutipliers for two inequivalent
sites, imposing the constraint !φr · !φr = N . It is useful
to Fourier transform this Hamiltonian with respect to
the unit cell positions and diagonalize it for the basis
within the unit cell. Then the saddle point solution in
the large-N limit can be obtained by varying the action
with respect to λr.

The lowest eigenvalue of the saddle point solution for
J ′/J < 0.5 has the minimum at the wavevector that cor-
responds to the collinear magnetic order shown in Fig.
2. Note that this is precisely the same magnetic order
discovered in the experiment. We find that the corre-
sponding eigenvectors satisfy !φr · !φr = N at each site for
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Quantum Sp(N) model; Instanton (via Berry phase) analysis2

FIG. 2: The large-N Sp(N) mean field phase diagram. In
the small (large) J ′/J regime, the Néel (incommensurate)
long/short range ordered (LRO/SRO) phases arise. The inset
represents the Néel ordering pattern.

and collinear Néel order found in this experiment.

We study the antiferromagnetic Heisenberg model on
the distorted kagome lattice shown in Fig. 1, ignoring
weak coupling between kagome layers. There exist two
inequivalent exchange interactions, J > J ′, where J cor-
responds to the shorter bond-length (see Fig. 1). We are
mostly interested in the zero temperature ground states
of this model and their connection to the experiment.
Using the Cu-O-Cu angles identified in the experiment,
one can utilize the Goodenough-Kanamori rule to get
J ′/J ≈ 0.3 [14]. In the classical Heisenberg model, we
find that energetics chooses the collinear magnetically or-
dered state shown in Fig. 2 for J ′/J < 0.5 and there exist
highly degenerate classical ground states for J ′/J > 0.5.
The collinear state for J ′/J < 0.5 has precisely the same
magnetic order found in the low temperature phase in
Zn-paratacamite for small x.

We then investigate the effect of quantum fluctuations
and possible quantum paramagnetic phases. We use
the well-documented method of the Sp(N)-generalized
Heisenberg model where one can change the magnitude
of “spin” to control the degree of quantum fluctuations
[13, 15]. The large-N mean field phase diagram of this
model is presented in Fig. 2. Note that one gets the
same collinear magnetically ordered state for large “spin”
for J ′/J < 0.5-0.8. Understanding of the nature of the
quantum paramagnetic phase for small “spin”, however,
requires careful analysis of the spin Berry’s phase and
quantum fluctuation effect about the saddle point solu-
tion [15, 16]. We show that the resulting quantum para-
magnetic state is a VBS phase depicted in Fig. 3a. We
call this the “pin-wheel” VBS state. It is to be distin-
guished from the “columnar” VBS state (shown in Fig.
3b) which was suggested as a candidate valence bond or-
der in the experimental work [1]. It can be shown[15]
that the “pin-wheel” state can lower the energy by the
resonating moves of dimers around the “pin-wheel” struc-
tures.

In order to provide definite predictions for the valence
bond solid phase, we compute the triplon dispersions
(shown in Fig. 3c-d) for both of the VBS phases and

(a)Pin-wheel state (b)Columnar state
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FIG. 3: Pin-wheel and columnar VBS states and their corre-
sponding lowest energy triplon excitation spectra.

suggest that inelastic neutron scattering will be able to
distinguish these phases via their quite different triplon
dispersions when a single crystal sample becomes avail-
able. We also suggest that an X-ray scattering experi-
ment may clearly distinguish the two VBS ordering pat-
terns via their different further lattice distortions induced
by the ordering. The expected X-ray structure factors for
both phases are shown in Fig. 4.

Classical Heisenberg Model.– Possible magnetic order-
ing patterns in the classical Heisenberg model can be
investigated by studying the O(N) model in the large-N
limit [17]. The classical O(N) model can be written as

H =
1

2

∑

rr′

Jrr′
!φr · !φr′ +

∑

r

λr(!φr · !φr − N), (1)

where !φ = (φ1, φ2, ..., φN ) is an N -component real-valued
vector, Jrr′ = J1, J2 for the corresponding bonds and
λr = λ1, λ2 are Lagrange mutipliers for two inequivalent
sites, imposing the constraint !φr · !φr = N . It is useful
to Fourier transform this Hamiltonian with respect to
the unit cell positions and diagonalize it for the basis
within the unit cell. Then the saddle point solution in
the large-N limit can be obtained by varying the action
with respect to λr.

The lowest eigenvalue of the saddle point solution for
J ′/J < 0.5 has the minimum at the wavevector that cor-
responds to the collinear magnetic order shown in Fig.
2. Note that this is precisely the same magnetic order
discovered in the experiment. We find that the corre-
sponding eigenvectors satisfy !φr · !φr = N at each site for
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Lattice Distortion and X-Ray Scattering 4

FIG. 4: X-ray structure factor: circles represent Bragg peaks
of the ideal kagome lattice; triangles arise from the structural
distortion shown in Fig. 1. These are the only Bragg peaks in
the columnar state. In the pin-wheel state, additional Bragg
peaks (hexagons) appear due to further lattice distortion.

space-time lattice (see Fig. 1) and

Sh =
∑

〈ı〉∈b1

g

2
(hı − h + ζı − ζ)

2 (5)

with b1 the thick blue bonds of the distorted dual
space-time lattice and g a non-universal coupling con-
stant. Here the offset variables ζı are determined by
the spin Berry’s phase and their site-dependent values
(1
8 , 6

8 , 3
8 , 0, 5

8 , 2
8 , 7

8 , 4
8 ) on the dice lattice (in a given time

slice) are shown in Fig. 1. After solving the simple con-
straint, this height model can be understood using stan-
dard methods[15] and the average height fields can be
determined up to an overall constant [2].

The nature of the VBS ground state can be studied
by using the relation between the height fields and the
valence bond order parameter. It can be shown that
the “electric field” (in the compact U(1) gauge theory)
defined on the spatial dual-lattice links is related to the
height fields via er̄r̄′ = 〈hr̄〉 − 〈hr̄′〉 [2]. The valence
bond order parameter defined on the direct-lattice link
that intersects the spatial dual-lattice link 〈r̄r̄′〉 is given
by the strength of er̄r̄′ [2]. We find that the resulting
valence bond order parameter corresponds to the “pin-
wheel” state shown in Fig. 3a.

Neutron Scattering: Triplon Dispersion.– In the exper-
imental work, a different VBS phase (see Fig. 3b) - the
“columnar” phase - was suggested. Here we show that
different triplon dispersions in the pin-wheel and colum-
nar VBS phases can be used to distinguish them if in-
elastic neutron scattering experiments are done on single
crystals.

In order to compute the triplon dispersion, it is use-
ful to consider the decoupled valence-bond limit first and
then take into account the coupling between the valence
bonds perturbatively. Let us call J the exchange interac-
tion between two spins within the same valence bond and
λJ between two spins of different nearby valence bonds.
In the decoupled limit, the triplon dispersion would be
completely flat with energy J and when λ is finite, the
triplon band disperses. Here we compute the lowest or-
der correction (first order in λ) to the flat dispersion.

For this purpose, we use the bond-operator formalism,
where the two spin operators forming the valence bond
located at # can be represented in terms of the singlet
s" and triplet tα" (α = x, y, z) bosons with the constraint

s†"s" + t†α" tα" = 1 [18]. It can be shown that the Hamilto-

nian in the decoupled limit is given by H0 = J
∑

" T †α
" T α

" ,

where T †α
" = t†α" s" is the triplon operator. At first order

in λ, only the terms that preserve the triplon number con-
tribute, i.e. H ′ = −λJ

4

∑

〈"m〉(T
†α
" T α

m + h.c.). It is this
triplon hopping process that generates the dispersion in
the VBS phases. The Fourier transform of H0 +H ′ leads
to the triplon bands in the momentum space. The dis-
persion of the lowest triplon band in the pin-wheel and
columnar states are shown in Fig. 3c-d. The minima of
the triplon dispersion in two cases are clearly located at
different positions.

X-ray Scattering.– Assuming that there will be a lattice
contraction where a valence bond exists, the pin-wheel
state would break the lattice translational symmetry of
the distorted kagome lattice in one of two directions, dou-
bling the unit cell. On the other hand, the lattice transla-
tional symmetry would be intact in the columnar state,
leading to no new Bragg peaks in the X-ray structure
factor in addition to those associated with the distorted
kagome lattice. In the pin-wheel state, however, there
should be new Bragg peaks due to the further broken
lattice translational symmetry. The X-ray structure fac-
tors for the two VBS phases are shown in Fig. 4. Note
that the hexagon symbols represent the new Bragg peaks
in the pin-wheel state. All other peaks also exist in the
columnar state.

Summary and Conclusion.– We have provided a com-
pelling theoretical explanation of the VBS phase and the
Néel magnetic order discovered in a recent neutron scat-
tering experiment on Zn-paratacamite [1]. In particular,
our theory predicts that the “pin-wheel” VBS phase (see
Fig. 3a) is the VBS phase discovered in the experiment.
We have also suggested future neutron and X-ray scatter-
ing experiments that can test our predictions for the “pin-
wheel” VBS phase. Possible relation between the quan-
tum phases on the distorted kagome lattice described
here and the yet-to-be-determined quantum ground state
[2, 11, 12, 13, 19, 20] on the ideal kagome lattice is an
important subject of future research.
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FIG. 4: X-ray structure factor: circles represent Bragg peaks
of the ideal kagome lattice; triangles arise from the structural
distortion shown in Fig. 1. These are the only Bragg peaks in
the columnar state. In the pin-wheel state, additional Bragg
peaks (hexagons) appear due to further lattice distortion.
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valence bond order parameter corresponds to the “pin-
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different triplon dispersions in the pin-wheel and colum-
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leading to no new Bragg peaks in the X-ray structure
factor in addition to those associated with the distorted
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should be new Bragg peaks due to the further broken
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tors for the two VBS phases are shown in Fig. 4. Note
that the hexagon symbols represent the new Bragg peaks
in the pin-wheel state. All other peaks also exist in the
columnar state.
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pelling theoretical explanation of the VBS phase and the
Néel magnetic order discovered in a recent neutron scat-
tering experiment on Zn-paratacamite [1]. In particular,
our theory predicts that the “pin-wheel” VBS phase (see
Fig. 3a) is the VBS phase discovered in the experiment.
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ing experiments that can test our predictions for the “pin-
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Antisite disorder and the magnetic groundstate of an experimental S = 1/2 kagomé
antiferromagnet.

M.A.de Vries,1, ∗ K.V.Kamenev,2 W.A.Kockelmann,3 J.Sanchez-Benitez,2 and A.Harrison4, 1

1 CSEC and School of Chemistry, The University of Edinburgh, Edinburgh, EH9 3JZ, UK
2 CSEC and School of Engineering & Electronics,

The University of Edinburgh, Edinburgh, EH9 3JZ, UK
3 ISIS, CCLRC Rutherford Appleton Laboratory, Chilton, Didcot, OX11 0QK, UK

4 Institut Laue-Langevin, 6 rue Jules Horowitz, F-38042 Grenoble, France
(Dated: May 30, 2007)

We carried out neutron powder-diffraction measurements, and studied the heat capacity in fields
between 0 and 9 T of zinc paratacamite ZnxCu4−x(OH)6Cl2 with x = 1 and 0.5 ≤ x ≤ 1 respectively.
The x = 1 phase has recently been shown to be an outstanding realisation of the S = 1/2 kagomé
antiferromagnet, in which no symmetry-breaking transition is observed down to 50 mK. We show
that due to the presence of antisite disorder between the Cu and the Zn sites, systems with 0.8 ≤
x ≤ 1 model the kagomé antiferromagnet equally well. Within this range of Zn stoichiometries
x the system gradually develops a magnetic hysteresis and no quantum-critical phase transition
is found. By correcting for the contributions of the antisite spins, we obtain for the first time
estimates for the heat capacity and non-zero magnetic susceptibility of an experimental S = 1/2
kagomé antiferromagnet.

PACS numbers: 75.40.Cx,75.45.+j,75,30.Hx

Physical realisations of the S = 1/2 kagomé Heisen-
berg antiferromagnet have been long sought after be-
cause it is expected that the groundstate of this sys-
tem can retain the full symmetry of the underlying ef-
fective magnetic Hamiltonian [1, 2]. The geometry of
the kagomé lattice frustrates the classical Néel antifer-
romagnetic ordering, and no symmetry-breaking tran-
sition is expected even at T = 0 [3, 4, 5, 6]. It has
been suggested that even in the thermodynamic limit the
symmetric quantum-mechanical electronic groundstate is
protected from quantum-mechanical dissipation [7] by a
gap between the non-magnetic groundstate and the low-
est magnetic (triplet) excitations [8, 9]. If this is correct,
then the magnetic susceptibility should vanish for T → 0
in real systems.

Shores et al. [10] have shown that in the Cu salt her-
bertsmithite [11] (ZnCu3(OH)6Cl2, depicted in the inset
of figure 1) antiferromagnetically coupled Cu2+ ions are
located at the vertices of a kagomé lattice. Muon exper-
iments have shown that the groundstate of this system
is either paramagnetic or spin-liquid. Almost no muon
relaxation was observed even at 50 mK [12], despite the
large Weiss temperature θw ≈ −300 K [10, 13]. Sepa-
rating the kagomé layers are Zn sites of Oh symmetry,
which can also host Cu2+ ions to form the zinc parata-
camite family of stoichiometry ZnxCu4−x(OH)6Cl2 with
0 < x ≤ 1. For Zn2+ stoichiometries x < 0.3, the Zn
site is mainly occupied by Jahn-Teller active Cu2+ ions,
and becomes angle distorted. At this point the symme-
try of the lattice changes from rhombohedral (x > 0.3) to
monoclinic, forming the end-member clinoatacamite [14].
Due to the strong Jahn-Teller distortion of the Cu sites
on the kagomé lattice, the antisite disorder between the

Cu and the Zn sites in the x = 1 phase can be expected
to be low, but exactly how low has not been measured
accurately at present. From the magnetic susceptibility
of samples with x < 1 it is clear that the Cu2+ ions on the
inter-plane Zn site are only weakly coupled to the kagomé
layers, and it has been suggested that the divergence of
the magnetic susceptibility for x = 1 at low temperatures
can be explained by antisite permutations of 6-7% of the
Cu2+ ions with ∼ 19% of the Zn2+ [15, 16].

To be able to account for the antisite disorder in the
further analysis of the system, the Cu2+/Zn2+ antisite
disorder was measured using neutron powder diffraction
at the Rotax neutron time-of-flight diffractometer at the
ISIS facility, United Kingdom. We used a 4 g powder
sample of deuterated x = 1 Zn-paratacamite, synthe-
sised using the hydrothermal method as described in [10].
For the synthesis 99% D2O and partially deuterated
Cu2(OH)2CO3 were used, and the preparation and filtra-
tion were carried out in a nitrogen-filled glove bag. The
purity of the samples and Cu2+ to Zn2+ ratio were ver-
ified with powder x-ray diffraction and Inductively Cou-
pled Plasma Auger Electron Spectroscopy (ICP-AES)
with an accuracy of ±0.03 in x. Neutron-diffraction data
were collected at 285, 150 and 10 K, and Rietveld anal-
ysed against the structure as reported in [10]. No struc-
tural changes were observed with temperature, and the
level of deuteration refined to 94.0(6)%. During the re-
finement the total Cu:Zn ratio was constrained to 3:1, as
measured independently using ICP-AES, and it was also
assumed there were no vacant Zn or Cu sites. In this
way the Cu2+ occupancy on the kagomé lattice refined to
91(2)%, corresponding to a Zn2+ occupancy of the inter-
plane Zn site of 73(6)%, for the highest-statistics data set

x < 0.33

2

I. INTRODUCTION

These notes outline our study of a theory of the recent experiment on Paratacamite(Lee

et al., 2007). We make the primary assumption that the distortion of the lattice is the cause

of the observed phase diagram. Namely, for undoped Paratacamite (or nearly undoped),

the ground state is Neel ordered and a Valence bond solid phase is observed above TN 7K

up to TV BS 20K.

Since the observed distorted kagome lattice is somewhat difficult to visualize we will begin

by mapping to the topologically equivalent decorated “brick-wall” lattice. The mapping and

this new lattice is shown in Fig. 1. In what follows, our focus will be on a Heisenberg model

on this lattice with both the solid bonds (the set of bonds b1) with exchange coupling J and

dashed bonds (the set of bonds b2) with exchange coupling J ′.

FIG. 1 Mapping a distorted kagome lattice onto the simpler brick-wall lattice with particular next

neighbor bonds given by the thin lines.

II. CLASSICAL GROUND STATES

To find the ground states of the classical Heisenberg J − J ′ brick wall lattice model, we

turn to the Luttinger-Tisza method. The method will be outlined in general in the next

section and then applied to the brick-wall lattice in the following section.

A. The Luttinger-Tisza method

Consider the classical Heisenberg Hamiltonian of interacting 3-component unit vectors ŝi

on a Bravais lattice {!a1,!a2, . . .} with an n-point basis {!dα|1 ≤ α ≤ n}

H =
1

2

∑

ij

Jij ŝi · ŝj (1)

J J ′ u

v

w

wu

distorted kagome lattice collinear order

VBS phase triplon dispersion

M. J. Lawler, L. Fritz, Y. B. Kim, S. Sachdev, arXiv:0709.4489 (2007)
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FIG. 2: The large-N Sp(N) mean field phase diagram. In
the small (large) J ′/J regime, the Néel (incommensurate)
long/short range ordered (LRO/SRO) phases arise. The inset
represents the Néel ordering pattern.

and collinear Néel order found in this experiment.

We study the antiferromagnetic Heisenberg model on
the distorted kagome lattice shown in Fig. 1, ignoring
weak coupling between kagome layers. There exist two
inequivalent exchange interactions, J > J ′, where J cor-
responds to the shorter bond-length (see Fig. 1). We are
mostly interested in the zero temperature ground states
of this model and their connection to the experiment.
Using the Cu-O-Cu angles identified in the experiment,
one can utilize the Goodenough-Kanamori rule to get
J ′/J ≈ 0.3 [14]. In the classical Heisenberg model, we
find that energetics chooses the collinear magnetically or-
dered state shown in Fig. 2 for J ′/J < 0.5 and there exist
highly degenerate classical ground states for J ′/J > 0.5.
The collinear state for J ′/J < 0.5 has precisely the same
magnetic order found in the low temperature phase in
Zn-paratacamite for small x.

We then investigate the effect of quantum fluctuations
and possible quantum paramagnetic phases. We use
the well-documented method of the Sp(N)-generalized
Heisenberg model where one can change the magnitude
of “spin” to control the degree of quantum fluctuations
[13, 15]. The large-N mean field phase diagram of this
model is presented in Fig. 2. Note that one gets the
same collinear magnetically ordered state for large “spin”
for J ′/J < 0.5-0.8. Understanding of the nature of the
quantum paramagnetic phase for small “spin”, however,
requires careful analysis of the spin Berry’s phase and
quantum fluctuation effect about the saddle point solu-
tion [15, 16]. We show that the resulting quantum para-
magnetic state is a VBS phase depicted in Fig. 3a. We
call this the “pin-wheel” VBS state. It is to be distin-
guished from the “columnar” VBS state (shown in Fig.
3b) which was suggested as a candidate valence bond or-
der in the experimental work [1]. It can be shown[15]
that the “pin-wheel” state can lower the energy by the
resonating moves of dimers around the “pin-wheel” struc-
tures.

In order to provide definite predictions for the valence
bond solid phase, we compute the triplon dispersions
(shown in Fig. 3c-d) for both of the VBS phases and

(a)Pin-wheel state (b)Columnar state
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FIG. 3: Pin-wheel and columnar VBS states and their corre-
sponding lowest energy triplon excitation spectra.

suggest that inelastic neutron scattering will be able to
distinguish these phases via their quite different triplon
dispersions when a single crystal sample becomes avail-
able. We also suggest that an X-ray scattering experi-
ment may clearly distinguish the two VBS ordering pat-
terns via their different further lattice distortions induced
by the ordering. The expected X-ray structure factors for
both phases are shown in Fig. 4.

Classical Heisenberg Model.– Possible magnetic order-
ing patterns in the classical Heisenberg model can be
investigated by studying the O(N) model in the large-N
limit [17]. The classical O(N) model can be written as
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vector, Jrr′ = J1, J2 for the corresponding bonds and
λr = λ1, λ2 are Lagrange mutipliers for two inequivalent
sites, imposing the constraint !φr · !φr = N . It is useful
to Fourier transform this Hamiltonian with respect to
the unit cell positions and diagonalize it for the basis
within the unit cell. Then the saddle point solution in
the large-N limit can be obtained by varying the action
with respect to λr.

The lowest eigenvalue of the saddle point solution for
J ′/J < 0.5 has the minimum at the wavevector that cor-
responds to the collinear magnetic order shown in Fig.
2. Note that this is precisely the same magnetic order
discovered in the experiment. We find that the corre-
sponding eigenvectors satisfy !φr · !φr = N at each site for
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FIG. 2: The large-N Sp(N) mean field phase diagram. In
the small (large) J ′/J regime, the Néel (incommensurate)
long/short range ordered (LRO/SRO) phases arise. The inset
represents the Néel ordering pattern.

and collinear Néel order found in this experiment.

We study the antiferromagnetic Heisenberg model on
the distorted kagome lattice shown in Fig. 1, ignoring
weak coupling between kagome layers. There exist two
inequivalent exchange interactions, J > J ′, where J cor-
responds to the shorter bond-length (see Fig. 1). We are
mostly interested in the zero temperature ground states
of this model and their connection to the experiment.
Using the Cu-O-Cu angles identified in the experiment,
one can utilize the Goodenough-Kanamori rule to get
J ′/J ≈ 0.3 [14]. In the classical Heisenberg model, we
find that energetics chooses the collinear magnetically or-
dered state shown in Fig. 2 for J ′/J < 0.5 and there exist
highly degenerate classical ground states for J ′/J > 0.5.
The collinear state for J ′/J < 0.5 has precisely the same
magnetic order found in the low temperature phase in
Zn-paratacamite for small x.

We then investigate the effect of quantum fluctuations
and possible quantum paramagnetic phases. We use
the well-documented method of the Sp(N)-generalized
Heisenberg model where one can change the magnitude
of “spin” to control the degree of quantum fluctuations
[13, 15]. The large-N mean field phase diagram of this
model is presented in Fig. 2. Note that one gets the
same collinear magnetically ordered state for large “spin”
for J ′/J < 0.5-0.8. Understanding of the nature of the
quantum paramagnetic phase for small “spin”, however,
requires careful analysis of the spin Berry’s phase and
quantum fluctuation effect about the saddle point solu-
tion [15, 16]. We show that the resulting quantum para-
magnetic state is a VBS phase depicted in Fig. 3a. We
call this the “pin-wheel” VBS state. It is to be distin-
guished from the “columnar” VBS state (shown in Fig.
3b) which was suggested as a candidate valence bond or-
der in the experimental work [1]. It can be shown[15]
that the “pin-wheel” state can lower the energy by the
resonating moves of dimers around the “pin-wheel” struc-
tures.

In order to provide definite predictions for the valence
bond solid phase, we compute the triplon dispersions
(shown in Fig. 3c-d) for both of the VBS phases and
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FIG. 3: Pin-wheel and columnar VBS states and their corre-
sponding lowest energy triplon excitation spectra.

suggest that inelastic neutron scattering will be able to
distinguish these phases via their quite different triplon
dispersions when a single crystal sample becomes avail-
able. We also suggest that an X-ray scattering experi-
ment may clearly distinguish the two VBS ordering pat-
terns via their different further lattice distortions induced
by the ordering. The expected X-ray structure factors for
both phases are shown in Fig. 4.
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ing patterns in the classical Heisenberg model can be
investigated by studying the O(N) model in the large-N
limit [17]. The classical O(N) model can be written as
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where !φ = (φ1, φ2, ..., φN ) is an N -component real-valued
vector, Jrr′ = J1, J2 for the corresponding bonds and
λr = λ1, λ2 are Lagrange mutipliers for two inequivalent
sites, imposing the constraint !φr · !φr = N . It is useful
to Fourier transform this Hamiltonian with respect to
the unit cell positions and diagonalize it for the basis
within the unit cell. Then the saddle point solution in
the large-N limit can be obtained by varying the action
with respect to λr.

The lowest eigenvalue of the saddle point solution for
J ′/J < 0.5 has the minimum at the wavevector that cor-
responds to the collinear magnetic order shown in Fig.
2. Note that this is precisely the same magnetic order
discovered in the experiment. We find that the corre-
sponding eigenvectors satisfy !φr · !φr = N at each site for


