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Preamble & motivation

? Vast supply of precise e − A data
available

Q2 = 4EeEe′ sin2 θe

2
, x =

Q2

2Mω

? Carbon target

? Different rection mechanisms
contributimg to the mesured cross
sections can be readily identified

e + A→ e′ + X
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? Ab initio calculations of the electron scattering cross section (mostly in
the quasielastic channel) – carried out for lightest nuclei in the
low-energy region – provide a remarkably good description of the data
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? Models based on the same dynamical input and the impulse
approximation (IA) scheme have been remarkably successful in
describing electron scattering data at larger beam energies, up to few
GeV, for a variety of targets

? The extension of these models to the case of neutrino scattering is
needed to reduce the systematic uncertainty of LBL neutrino oscillation
experiments

? Oscillation probablity (two flavors, for simplicity)

Pνα→νβ = sin2 2θ sin2
(
∆m2L
4Eν

)
Sensitivity reaches its maximum at

Eν ∼ 0.5 GeV ×
[ L
250 km

]
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Theory of electron-nucleus scattering

Double differential electron-nucleus cross section

dσeA

dΩe′dEe′
=
α2

Q4

E′e
Ee

LµνW
µν
A

. Lµν is fully specified by the measured electron kinematical variables

. the determination of the target response tensor

Wµν
A =

∑
n

〈0|JµA|n〉〈n|J
ν
A|0〉δ

(4)(P0 + ke − Pn − ke′ )

requires the description of the target internal dynamics and
electromagnetic current→ approximations needed to go beyond the non
relativistic regime
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Why worry about relativity
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? |q|-dependence of the CCQE cross section averaged with the Minerνa
(left) and MiniBooNE (right) fluxes

? Unlike the initial state, the nuclear current and the final hadronic state
can not be described using non relativistic many-body theory
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The impulse approximation

The IA amounts to the replacement

Σ
i

2 2
q,ω q,ω

i
x

JµA =
∑

i

jµi , |X〉 → |p〉 ⊗ |X(A−1)〉

Nuclear dynamics and electromagnetic interactions are decoupled

dσA =

∫
d3kdE dσN Ph(k,E)

. The electron-nucleon cross section dσN can be written in terms of stucture
functions extracted from electron-proton and electron-deuteron scattering
data

. The hole spectral function Ph(k,E) , momentum and energy distribution of
the knocked out nucleon, can be obtained from ab initio many-body
calculations
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Hole state spectral function

? Definition
Ph(k,E) =

∑
n

|〈n|ak|0〉|2 δ(E0 + E − En)

? Exact calculations have been carried out for A = 2, 3 . Accurate results,
obtained using correlated wave functions, are also available for nuclear
matter.

? For medium-haevy nuclei, approximated spectral functions have been
constructed combining nuclear matter results and experimental
information from (e, e′p) experiments in the local density approximation
(LDA)

Ph(k,E) = Pexp(k,E) + Pcorr(k,E)

Pexp(k,E) =
∑

n

Zn|φn(k)|2 Fn(E − En)

Pcorr(k,E) =

∫
d3r ρA(r) PNM

corr(k,E; ρ = ρA(r))
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Spectral function and momentum distribution of Oxygen

• shell model states account for ∼ 80% of the strenght

• the remaining ∼ 20%, arising from NN correlations, is located at high
momentum and large removal energy (k � kF,E � ε)
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Measured correlation strength

the correlation strength in the 2p2h sector has been measured by the
JLAB E97-006 Collaboration using a carbon target

strong energy-momentum correlation: E ∼ Ethr + A−2
A−1

k2
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Measured correlation strength 0.61 ± 0.06, to be compared with the
theoretical predictions 0.64 (CBF) and 0.56 (G-Matrix)
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Beyond IA: final state interactions (FSI)

The measured (e, e′p) x-sections provide overwhelming evidence of the
importance of FSI

q,ν q,ν

+

dσA =

∫
d3kdE dσN Ph(k,E)Pp(|k + q|, ω − E)

the particle-state spectral function Pp(|k + q|, ω − E) describes the
propagation of the struck particle in the final state

the IA is recovered replacing Pp(|k + q|, ω − E) with the particle spectral
function of the non interacting system
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FSI (continued)

effects of FSI on the inclusive cross section

(A) shift in energy transfer→ mean field of the spectators
(B) redistributions of the strenght→ coupling of 1p − 1h final state to np − nh

final states

high energy approximation

(A) the struck nucleon moves along a straight trajectory with constant velocity
(B) the fast struck nucleon “sees” the spectator system as a collection of fixed

scattering centers.

δ(ω − E −
√
|k + q|2 + m2)→

√
Tδ(ω̃ − E −

√
|k + q|2 + m2)

+(1 −
√

T)f (ω̃ − E −
√
|k + q|2 + m2))

the nuclear transparency T and the folding function f can be computed
within nuclear many-body theory using the measured nucleon-nucleon
scattering amplitude
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Theory vs data

Recall: theoretical calculations involve no adjustable parameters
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The quasi elastic (QE) sector

Elementary interaction vertex described in terms of the vector form
factors, F(p,n)

1 and F(p,n)
2 , precisely measured over a broad range of Q2

Position and width of the peak are determined by Ph(k,E)
The tail extending to the region of high energy loss is due to
nucleon-nucleon correlations in the initial state, leading to the
occurrence of two particle-two hole (2p2h) final states
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Extension to CCQE neutrino nucleus scattering

Consider the data sample of charged current QE data collected by the
MiniBooNE Collaboration using a CH2 target

The measured double differential cross section is averaged over the
energy of the incoming neutrino, distributed according to the flux Φ

dσA

dTµd cos θµ
=

1
NΦ

∫
dEνΦ(Eν)

dσA

dEνdTµd cos θµ

In addition to F1 and F2 , the QE electron-nucleon cross section is
determined by the axial form factor FA, assumed to be of dipole form
and parametrized in terms of the axial mass MA

According to the paradigm succesfully employed to describe electron
scattering data, in order to minimize the bias associated with nuclear
effetcs, MA must be determined from measurement carried out using a
deuterium target. The resulting value is MA = 1.03 GeV
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Analysis of CCQE data

. MiniBooNE flux

. MiniBooNe CCQE data

Theoretical calculations carried out setting MA = 1.03 GeV . A fit to the
data within the Relativistic Fermi Gas Model yields MA = 1.25 GeV.
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Contribution of different reaction mechanisms

In neutrino interactions the lepton kinematics is not determined. The
flux-averaged cross sections at fixed Tµ and cos θµ picks up contributions
at different beam energies, corresponding to a variety of kinematical
regimes in which different reaction mechanisms dominate

. x = 1→ Eν = 0.788 GeV , x = 0.5→ Eν = 0.975 GeV

. Φ(0.975)/Φ(0.788) = 0.83
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“Flux averaged” electron-nucleus x-section

The electron scattering x-section off Carbon at θe= 37◦ has been
measured for a number of beam energies

MIT-Bates data compared to theoretical calculations including QE
scattering only
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Where does the “excess” strength come from?

It has been suggested that 2p2h (CCQE like) final states provide a large
contribution to the measured neutrino cross section

Two particle-two hole final states may be produced through different
mechanisms

. Initial state correlations : lead to the tail extending to large energy loss,
clearly visible in the calculated QE cross section. The corresponding
strength is consistent with the measurements of the coincidence (e, e′p)
x-section carried out by the JLAB E97-006 Collaboration.

. Final state interactions : lead to a redistribution of the inclusive strength,
mainly affecting the region of x > 1 , i.e. low energy loss, where the cross
section is small

. Coupling to the two-body current : leads to the appearance of strength at
x < 1 , mainly in the dip region between the QE and ∆-excitation peaks

the description of the measured neutrino cross sections requires that all
the above mechanism be taken into account in a consistent fashion
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The nuclear current operator

? The nuclear current includes one- and two-nucleon contributions

JµA =

A∑
i=1

jiµ +

A∑
j>i=1

jijµ

. jiµ defined in terms of nucleon structure functions

. jijµ takes into acount interactions in which the momentum transfer is
shared between two nucleons

? Recall: unlike the ground state, the nuclear current operator depends on
momentum trasfer. Hence, the relativistic description may become
inadeqaute
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MEC within the independent particle model (IPM)

I J. Nieves et al , Phys. Lett. B 707, 72

(2012)
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FIG. 3: Muon angle and energy distribution d2σ/d cos θµdTµ for 0.80 < cos θµ < 0.90. Experimental data from Ref. [5] and
calculation with MA = 1.32 GeV are multiplied by 0.9. Axial mass for the other curves is MA = 1.049 GeV.

with electron, photon and pion probes and contains no additional free parameters. RPA and multinucleon knockout
have been found to be essential for the description of the data. Our main conclusion is that MiniBooNE data are fully
compatible with former determinations of the nucleon axial mass, both using neutrino and electron beams in contrast
with several previous analyses. The results also suggest that the neutrino flux could have been underestimated.
Besides, we have found that the procedure commonly used to reconstruct the neutrino energy for quasielastic events
from the muon angle and energy could be unreliable for a wide region of the phase space, due to the large importance
of multinucleon events.

It is clear that experiments on neutrino reactions on complex nuclei have reached a precision level that requires for a
quantitative description of sophisticated theoretical approaches. Apart from being important in the study of neutrino
physics, these experiments are starting to provide very valuable information on the axial structure of hadrons.
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FIG. 5. (Color online) MiniBooNE
flux-averaged CC genuine quasielastic
νµ-12C double differential cross section
per neutron for several values of muon ki-
netic energy as a function of the scattering
angle. (Dashed curve) Calculated in RPA;
(dot-dashed curve) bare.

the quasielastic peak), and by multiplying the responses by
(1 + ω

MN
). Our present evaluations use these recipes and unless

specified otherwise the curves of this article are calculated in
this framework. Now in a realistic approach of the nuclear dy-
namics with correlations the nuclear region of response is not
restricted to the Fermi motion band around the quasielastic line
(as in Fig. 1) but it covers the whole ω and q plane from mult-
inucleon emission. As a consequence, for a given set of values
of Eµ and θ , all values of the energy transfer ω, hence of the
neutrino energy, Eν = Eµ + ω, contribute and one explores
the full energy spectrum of neutrinos above the muon energy.

The results of our present evaluation with the relativis-
tic corrections of the double differential cross section are
displayed in Fig. 2, with and without the inclusion of the
np-nh component and compared to the experimental data.
This evaluation, like all those in this article, is done with the
free value of the axial mass. The agreement is quite good in
all the measured ranges once the multinucleon component is
incorporated. Similar conclusions have been recently reported
in Ref. [9]. The relativistic corrections are significant, as
illustrated in Fig. 3 which compares the two approaches for the
genuine quasielastic contributions. The relativistic treatment,
which suppresses the kinematical pathologies, improves the
description, in particular, in the backward direction. This is
illustrated in Fig. 4 in the case 0.4 GeV < Tµ < 0.5 GeV in
which the 2p-2h component was added for comparison with
data. The good agreement with data of Fig. 2 is absent in the
nonrelativistic case.

Our responses are described, as in our previous works [3,4],
in the framework of random phase approximation. Its role
is shown in Figs. 5 and 6 where the double differential
cross sections as a function of cosθ or Tµ are displayed
with and without RPA. The RPA produces a quenching and
some shift toward larger angles or larger Tµ. In Fig. 6 we
present the comparison with data adding the np-nh to the
genuine QE with or without RPA. The fit is significantly

better in the RPA framework, reflecting the collective character
of the nuclear response. The RPA quenching of the cross
sections results from the repulsive nature of the p-h force,
embodied in the Landau-Migdal parameter g′. A large part
of this quenching arises from the mixing of the p-h states
with $-hole ones. This is the Lorentz-Lorenz effect, which
concerns exclusively the spin isospin response, hence the axial
or magnetic matrix elements. In the graphical illustration of
the response, the Lorentz-Lorenz effect on the quasielastic
one is illustrated in Fig. 7. Figure 6 shows the dominance of
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055502-4

After the inclusion of fully relativistic MEC, calculations based on the
IPM provide a quantitative description of the MiniBooNE data

However, within these approaches NN correlations are neglected
altogether, or included using oversimplified ad hoc procedures
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MEC within realistic nuclear models

the interplay of MEC and correlation effects can be studied within
nonrelativistic models, that can be solved exactly using stochastic
methods for nuclei as heavy as as 12C

inclusion of the two-body current leads to an enhancement of the
integrated electromagnetic response of light nuclei in the transverse
channel

ST (q) =

∫
dωST (q, ω) ,

where
ST (q, ω) = Sxx(q, ω) + Syy(q, ω) ,

and
Sαβ =

∑
N

〈0|JαA |N〉〈N |J
β
A|0〉δ(E0 + ω − EN) .
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Interference between MEC and correlation amplitudes

Sum rule of the electromagnetic response of 12C in the transverse
channel

2

tions according to (see, e.g., Ref. [13])

Jµ
A =

∑

i

jµ
i +

∑

j>i

jµ
ij . (1)

The one-body operator jµ
i describes interactions involv-

ing a single nucleon, and can be expressed in terms of
the vector and axial-vector form factors. The two-body
current jµ

ij , on the other hand, accounts for processes in
which the beam particle couples to the currents arising
from meson exchange between two interacting nucleons.

It is very important to realise that, in scattering pro-
cesses involving interacting many-body systems, 2p2h fi-
nal states can be produced through the action of both
one- and two-nucleon currents. Within the IPM, how-
ever, in which interaction effects are described in terms
of a mean field, 2p2h states can only be excited by two-
body operators, such as those describing MEC. In order
for the the matrix element of a one-body operator be-
tween the target ground state and a 2p2h final state to be
non vanishing, the effects of dynamical nucleon-nucleon
(NN) correlations, ignored altogether in the IPM picture,
must be included in the description of the nuclear wave
functions.

Correlations give rise to virtual scattering between tar-
get nucleons, leading to the excitation of the participat-
ing particles to continuum states. The ISC contribution
to the 2p2h amplitude arises from processes in which the
beam particle couples to one of these high-momentum
nucleon. The FSC contribution, on the other hand, orig-
inates from scattering processes involving the struck nu-
cleon and one of the spectator particles, that also result
in the appearance of 2p2h final states.

In the kinematical region corresponding to moderate
momentum transfer, typically |q| < 400 MeV, in which
non relativistic approximations are expected to be appli-
cable, ISC, FSC and MEC can be consistently described
within advanced many-body approaches based on real-
istic models of nuclear dynamics, strongly constrained
by the properties of the exactly solvable two- and three-
nucleon systems [13]. The results of non relativistic cal-
culations, while not being directly comparable to exper-
imental data at large momentum transfer, can provide
valuable insight on the interplay of the different mecha-
nisms leading to the excitation of 2p2h final states.

The authors of Ref. [14] have recently reported the
results of an accurate calculation of the sum rules of the
electromagnetic response of carbon in the longitudinal
and transverse channels, carried out within the Green’s
Function Monte Carlo (GFMC) computational scheme.
Exploiting the completeness of the set of final states en-
tering the definition of the nuclear inclusive cross section,
these sum rules can be easily related to the energy-loss
integrals of the longitudinal and transverse components
of the tensor describing the target response to electro-
magnetic interactions [8].

Choosing the z-axis along the direction of the momen-
tum transfer, q, the transverse sum rule can be written

in the form

ST (q) =

∫
dωST (q, ω) , (2)

where

ST (q, ω) = Sxx(q, ω) + Syy(q, ω) , (3)

with (α, β = 1, 2, and 3 label the x- y- and z-component
of the current, respectively)

Sαβ =
∑

N

〈0|Jα
A|N〉〈N |Jβ

A|0〉δ(E0 + ω − EN ) . (4)

In the above equation, |0〉 and |N〉 denote the initial and
final nuclear states, the energies of which are E0 and EN .
The generalisation of Eqs. (2)-(4) to the case of charged
current weak interactions is discussed in Ref. [15].

We have employed the approach of Ref. [14] to pin
down the contribution of the terms arising from inter-
ference between correlations and MEC to the transverse
sum rule, which is long known to be strongly affected by
processes involving two-nucleon currents.

S
x
x

y
y
q

−

〈JT †
b JTb〉

〈 JT †
b JT †

b JTb JTb 〉
〈JT †

b JTb JT †
b JTb〉

〈JT †
b JTb JT †

b JTb〉

FIG. 1: Sum rule of the electromagnetic response of carbon in
the transverse channel. The line marked with crosses shows
the results obtained including the one-nucleon current only,
while the one marked with squares corresponds to the full
calculation. The line marked with dots represents the sum
rule computed neglecting interference terms, the contribution
of which is displayed by the line marked with triangles. The
results are normalised so that . . .

The results of numerical calculations, displayed in
Fig. 1, clearly show that interference terms provide a
sizeable fraction of the sum rule. At momentum trans-
fer |q| >∼ 300 MeV, their contribution turns out to be
comparable to – in fact even larger than – that obtained
squaring the matrix element of the two-nucleon current.

Within the approach of Refs. [10, 11], based on the
IPM description of the nuclear initial and final states,
interference terms are generated by adding ad hoc con-
tributions to the two-body current [16]. However, this
procedure does not properly account for correlations aris-
ing from the strong repulsive core of the NN interaction.

Interference terms are large. MEC and correlations must be treated
consistently
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Generalization of IA factorization

? Using relativistic MEC and a realistic description of the nuclear ground
state requires the extension of the IA scheme to two-nucleon emission
amplitudes

. Rewrite the hadronic final state |n〉 in the factorized form

|X〉 → |p,p′〉 ⊗ |X(A−2)〉

〈X|jµij|0〉 →
∫

d3kd3k′Mn(k,k′) 〈pp′|jµij|kk′〉

The amplitude
Mn(k,k′) = 〈n(A−2),k,k′|0〉

is independent of q and can be obtained from non relativistic many-body
theory
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Two-nucleon spectral function

? Calculations have been carried out for uniform isospin-symmetric
nuclear matter

P(k1,k2,E) =
∑

n

|Mn(k1, k2)|2δ(E + E0 − En)

n(k1,k2) =

∫
dE P(k1,k2,E)

? Relative momentum distribution

n(Q) = 4π|Q|2
∫

d3q n
(
Q
2

+ q,
Q
2
− q

)

q = k1 + k2 , Q =
k1 − k2

2
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Summary & Outlook

? Ab initio calculations based on nuclear many-body theory and the
available experimantal information on electron-nucleon interactions
provide a remarkably accurate description of the nuclear cross sections
in the impulse approximation regime

? The generalization to neutrino-nucleus scattering, needed to reduce the
systematic uncertainty of LBL neutrino oscillation experiments, involves
additional difficulties, arising from the flux average, and requires a
consistent description of all relevant reaction mechanisms

? Calculations carried out using realistic models of nuclear effects suggest
that the excess cross section observed in the quasi elastic sector can be
explained without advocating medium modifications of the axial form
factor.

? The implementation of realistic nuclear models in event generation codes
employed for data analysis of neutrino oscillation searches is under way
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Background slides
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ab initio many-body approach

? The nucleus is seen as a collection of pointlike protons and neutrons
interacting through the hamiltonian

H =
∑

i

p2
i

2m
+

∑
j>i

vij +
∑
k>j>i

Uijk

• the potentials are determined by a fit to the properties of the exactly
solvable two- and three-nucleon systems

• once the eigenstates of H are known from the solution of the Schrödinger
equation

H |n〉 = En |n〉

calculations of nuclear observables do not involve any additional
parameters
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Correlated basis function formalism

? The eigenstates of the nuclear hamiltonian are approximated by the set of
correlated states, obtained from independent particle model states [e.g.
Fermi Gas (FG) states for nuclear matter]

|n〉 =
F|nMF〉

〈nMF |F†F|nMF〉
1/2 =

1
√
Nn
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? the structure of the two-nucleon correlation operator reflects the
complexity of nuclear dynamics

fij =
∑

S,T=0,1

[fTS(rij) + δS1ftT (rij)Sij]PST

PST spin − isospin projector operator , Sij = σαi σ
β
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
? shapes of fTS(rij) and ftT (rij) determined form minimization of the

ground-state energy

Omar Benhar (Virginia Tech & INFN) UVA, Charlottesville February 11, 2014 30 / 27



Nucleon-nucleon potential and correlation functions
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